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Abstract Mixing of biological species in microfluidic
channels is challenging since the mixing process is lim-
ited by the small mass diffusion coefficient of the species
and by the dominance of viscous effects, captured by the
low value of Reynolds number characteristic of laminar
liquid flow in microchannels. This paper investigates the
use of pulsating flows to enhance mixing in microflows.
The dependence of the degree of mixing on various dimen-
sionless groups is investigated. These dimensionless num-
bers are Strouhal number, pulse amplitude divided by base
velocity, Reynolds number, location along the mixing chan-
nel normalized by the channel width, channel cross sec-
tion aspect ratio, and phase difference between the inlet
streams. The degree of mixing, observed to experience
both spatial fluctuations down the mixing channel and
temporal fluctuations over a pulsation cycle at the quasi-
stationary state, is shown to be most sensitive to changes
in pulsation amplitude and frequency. For a fixed pulsa-
tion amplitude and Reynolds number, the degree of mixing
has a peak value for a certain Strouhal number above and
below which the degree of mixing decreases. Increasing
the pulsation amplitude improves mixing with the behav-
ior becoming asymptotic at large pulsation amplitudes.
The temporal fluctuations in the degree of mixing over a
cycle at the quasi-stationary state decrease and the average
degree of mixing increases downstream the mixing chan-
nel. The fluctuations are also smaller at higher values of the
Strouhal number and are generally larger for larger pulsa-
tion amplitudes. This study also takes into account the rate
of work input required to overcome viscous effects. While
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this power input is independent of the pulsation frequency,
it exhibits a parabolic dependence on the pulsation ampli-
tude. Finally, considering the dependence of the degree
of mixing (mean and standard deviation), mixing length,
and energy consumption on these dimensionless groups,
examples of the trade-off that has to be made in choosing
the operating conditions based on different constraints are
presented.
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List of symbols

Channel cross-sectional area
Concentration of a species
Reference concentration
Mass diffusivity

Total energy

Pulsation frequency
Enthalpy

Channel height (or depth)
Channel length

Mass flow rate

Pressure

Volume flow rate

Base volume flow rate
Channel resistance

Time

Pulsation period
Characteristic speed
Average velocity

Base/mean velocity

Velocity vector (vy, vy, v;)
Channel width

Work input to overcome friction during a cycle
Coordinate along the mixing channel
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y Coordinate along channel width

z Coordinate along channel height

Re Reynolds number

Pe Peclet number

St Strouhal number

Sc Schmidt number

o Angle between the two inlet channels
B Channel resistance correction factor
% Amplitude of pulsed velocity

80 Pulsation volume flow rate

y Channel cross section aspect ratio

K Kinetic energy correction factor

w Average degree of mixing

n Dynamic viscosity

v Kinematic viscosity

1) Angular velocity

¢ Phase difference

0 Density

ou standard deviation in degree of mixing
0 Ratio of channel width to length

& Mass fraction of a species

Emax Mass fraction at perfect mixing
Superscripts

* For dimensionless variables
Subscripts

1 For inlet channel 1

2 For inlet channel 2

3 For mixing channel

1 Introduction

With the advancements of technology, microfluidics is wit-
nessing huge progress and showing impressive potential.
Micro total analysis systems or lab-on-a-chip devices and
DNA/protein microarrays are practical examples of micro-
fluidic applications in clinical diagnostics, drug discovery
and delivery, flow chemistry etc. Engineering applications
of microfluidics face several challenges such as manu-
facturing techniques, flow control, and mixing (Lim et al.
2010; Karniadakis et al. 2006).

Mixing, in particular, is very important in microfluidic
applications (Stone et al. 2004) since good mixing needs to
be achieved within an acceptable time range, a reasonable
channel length, and at an affordable power consumption.
Mixing in microchannels can be challenging primarily due
to the small value of the mass diffusion coefficient of the
species to be mixed, in addition to the fact that the flow is
laminar and in many cases nearly inertia-free. Mixing of flu-
ids in microchannels is extensively investigated in literature
and many methods of mixing are presented. These methods
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for mixing can be divided into two main categories: pas-
sive and active (Lim et al. 2010; Hessel et al. 2005; Capretto
et al. 2011). Unlike active mixing, passive mixing does not
involve an external driving force (Lim et al. 2010); instead, it
is done, for example, by changing the geometry of the chan-
nel, inserting microgrooves (Du and Manoochehri 2010)
or ribs (Goullet et al. 2006) in the channel, hydrodynamic
mixing (Knight et al. 1998), or distributive mixing (Bessoth
1999). While these methods enhance mixing by introduc-
ing instabilities that increase the interface between the two
fluids, it is usually hard to manufacture such channels due
to the complexities of the geometry. Active mixing such as
electro osmosis (Chang and Yang 2007), electrostatic mix-
ing (Patrascu et al. 2012), and micromagnetic stir-bar mixers
(Lu et al. 2002) require external fields, energy, and additional
components to enhance mixing. These additional compo-
nents can make the mixing device bulky (Lim et al. 2010).

This paper discusses mixing of two streams using time
pulsing, i.e., varying the flow rate of each of the inlet chan-
nels periodically with time. In a series of papers, (Glasgow
and Aubry 2003; Glasgow et al. 2004; Goullet et al. 2005,
2006) studied microfluidic mixing using time pulsing by
evaluating the degree of mixing at a certain distance after
the confluence region. In this work mixing with pulsating
flows is further investigated by varying key dimensionless
parameters and studying their effect on the mixing process,
new results are presented and previous ones are corrected.

Goullet et al. (2005, 2006), Glasgow et al. (2004), and
Glasgow and Aubry (2003) previously studied mixing
using time pulsing in several channel geometries with a
focus on mixing in a T channel configuration and in a per-
pendicular L channel configuration shown in Fig. 1.

Their results show that pulsing can be an effective
method for mixing, as quantified by the degree of mixing
expressed as
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Fig. 1 Channel configurations (Goullet et al. 2006). a Perpendicular
L channel. b T channel
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where A is the channel cross section, 7 is the unit vector
normal to dA, v is the velocity vector, £ is the mass fraction,
and &max is mass fraction of perfect mixing (§max = 0.5).
Note that a degree of mixing of one denotes complete mix-
ing and a degree of mixing of zero indicates no mixing.
Based on Eq. (1), the degree of mixing is numerically com-
puted as

T - >oim1 (¢ — Emax)viA;
Z?:l é:IgllElXViAi

where the cross-sectional area A is discretized as n grid
cells, A; is the area of grid cell i, & and v; are respectively
the mass fraction and velocity component normal to A; at
the ith cell.

CFD simulations (Goullet et al. 2005; Glasgow and
Aubry 2003) were carried out in the perpendicular chan-
nel and the T channel for the following flow configura-
tions (1) constant flows from both channels, (2) pulsed
flows from both channels, and (3) pulsed flows from one
channel. Some of these simulations were also repeated in
ribbed channels to find the effects of ribs on mixing. The
pulsing is achieved by imposing a velocity of the form
V + 8Vsin(2xft + ¢) at the inlets where V,8V, f, and ¢
are respectively the mean velocity, the pulse amplitude, the
pulse frequency, and the phase. The main findings (Goullet
et al. 2005, 2006; Glasgow et al. 2004; Glasgow and Aubry
2003) are (1) using constant flows in channels results in
a much lower degree of mixing than pulsating flows, (2)
pulsing the flows from both inlets with a 90° phase shift
yields the highest degree of mixing of & = 0.59 in a per-
pendicular channel and & = 0.66 in a T channel, (3) using
a ribbed channel, the degree of mixing increased to 0.78 in
the perpendicular channel, (4) increasing the Strouhal num-
ber (pulsation frequency) improves mixing, (5) increasing
the pulse volume ratio (ratio of pulse volume to the inter-
section volume) improves mixing, (6) a higher pulsing
amplitude improves mixing.

The results (Goullet et al. 2005, 2006; Glasgow et al.
2004; Glasgow and Aubry 2003), however, do not account
for certain factors in pulsating flows which can signifi-
cantly influence the results. The settings and factors that are
taken into consideration in the simulations presented in this
paper to ensure reliable results, are (1) running the transient
simulations for a sufficiently long time to ensure that the
pulsating flow reaches a quasi-stationary state, choosing (2)
appropriately sized time steps, (3) sufficient channel length,
and (4) sufficiently small mesh sizes. The degree of mixing
at closely spaced cross sections along the mixing channel is
recorded at every time step and accurate description of the
behavioral dependence of the degree of mixing on dimen-
sionless groups is ensured by sufficiently resolving their
ranges of interest. Other aspects of the numerical solver are
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(1) using double precision computations, (2) pressure based
with pressure-velocity coupling, (3) spatial discretization:
second-order pressure, second-order upwind momentum
and species, and (4) second-order implicit in time.

The significance of this work then lies in clearly outlin-
ing the factors that should be taken into consideration when
studying pulsating flows. Based on these factors, the prob-
lems with the previous results by Glasgow et al. (2004),
Glasgow and Aubry (2003), and Goullet et al. (2005, 2006),
are clarified, and gaps are filled in. This paper also expands
the study of pulsating flows to sweep a range of values of
Strouhal numbers and pulsing amplitudes to more clearly
and accurately capture the effect of these numbers on mix-
ing. This study also investigates the effects of the fluid vis-
cosity, of the phase difference between the two pulsating
streams, and of the channel cross section aspect ratio.

This paper is organized as follows. First, the problem is
stated and the criteria for good mixing is outlined. Second,
the governing equations are presented along with the vari-
ous dimensionless groups. Discussion of work needed for
mixing follows. Computational aspects are then discussed
followed by a presentation and discussion of the results.

2 Problem statement

In this work the use of pulsating flows to achieve mixing
is investigated in terms of the degree of mixing, mixing
length, and energy requirements. The general configura-
tion and parameters shown in Fig. 2 are considered, where
H is the channel height (or depth) (H = oo for most of
the simulations since 2D simulations were mostly run),
W = 200 wm is the channel width, L; is the length of each
of the inlet fluid channels, @ = 180° is the angle between
the two inlet channels, and L is the length of the mixing
channel.

The effects of Strouhal number (S7), ratio of amplitude/
base velocity (8V/V), channel cross section aspect ratio

Fig. 2 Schematic and dimensions
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(W/H), Reynolds number (Re), and phase difference (¢) are
closely studied, considering:

1. The degree of mixing, taking into account both its tem-
poral average as well as fluctuations over a cycle under
quasi-periodic conditions.

2. The mixing length; the location down the mixing chan-
nel at which a minimum desired degree of mixing and a
maximum allowable fluctuation amplitude is achieved.

3. The energy needed to achieve a particular degree of
mixing at a certain location for the studied cases.

Based on these criteria, the best scenario is that which yields
highest degree of mixing with minimum fluctuations, con-
sumes the least energy, and uses the smallest mixing length.

3 Governing equations and dimensionless groups

The volume flow rates of the two streams to be mixed
are respectively 01(t) = O + 8Qsin 27 ft) and
0>(t) = O + 8Qsin 2rft + ¢), where f is the pulsing
frequency and ¢ is the phase shift between the two flows.
Since the cross-sectional areas are constant, the correspond-
ing average velocities are Vi(f) =V + 8V sin 2nft) and
Vao(t) =V +8Vsin 2nft + ¢), with V=0/A, A=WH
and 8V = 6Q/A. The flowrate in the mixing channel is
01(1) + 02(1) = 20 + 8Q(sin 27ft) + sin 27ft 4 ).
Note that the flow rate in the mixing channel, averaged over
one pulsation cycle, is 2VA.

To non-dimensionalize the governing equations, the
velocity, length, time, pressure, and species concentration
are scaled as follows:

v
V*=5, x*=%, y*=%, z*=§, r* =1f,
o P a_c 3)
= uLwr c

where the characteristic speed U is chosen to be the aver-
age speed in the mixing channel, U = 2VW /Ws.

For the rest of the section, the governing equations are
presented in dimensionless form for parallel flow in the x
-direction along the channel, i.e., v = (vy,0,0). For sim-
plicity, the star superscript will be removed. Note that the
pressure scale is picked by balancing the pressure gradient
along the channel with the dominant viscous term of the
momentum equation for H > W.

3.1 Continuity equation

For incompressible flow, the conservation of mass,
expressed in dimensionless form, is

@ Springer
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If the flow is parallel to the x-direction, then v;f =vi =0,
it follows that dv,*/9x* = 0 and, from the y and z compo-
nents of the momentum equation, that p* is a function of x*

and r* only.

3.2 Momentum equation
azvx 82vx 2

For W K L, PP | / | prel (W/L)* and the momentum
equation in the flow, in dimensionless form, is approxi-
mated as

Iy ap 32Vx zazvx
StRe—— = —— 5
“or T Tox Ty TV o2 ©)
where y = %, St = % is the Strouhal number and

Re = U—y/ is the Reynolds number; v = 7n/p is the kin-
ematic viscosity. In the mixing channel W = W3, H = Hj,
andU = 2VW/W;s.

The solution of Eq. (5) can be expressed as Lakkis
(2008)

(X, 1) = ——
ReSt = Bimvn
t 2,22
y / o~ B o P T) ©)
0 ox

where B, = Cm+ Dm,v, = 2n+ 7.
3.3 Mass transfer equation

The mass transfer equation, expressed in dimensionless
form, is

g ¢ ey dc 1 (3% N ,9%¢ ;
LA g¢ 7¢
X ayz 7/ azz ( )

dt ax  Pe
where c is the species concentration, 6 = %, and Peclet
number Pe = U—gv may be expressed as the product of
Reynolds and Schmidt number Pe = Sc - Re, with Sc = .
Finally, the dimensionless numbers that will be used in

the analysis are @ = 180°, ¢, St, Re, Pe, %, y, and 6.

4 Energy analysis

In this section, the energy consumption per cycle of this
mixing device is determined in terms of the frequency,
phase angle, mean velocity and amplitude velocity. The
energy cost per cycle, being one of the performance
measures outlined earlier, serves as a basis for comparing
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various mixing scenarios as well as for comparison with
other conventional mixing techniques.

Applying the first Law of Thermodynamics on the con-
trol volume of Fig. 2, assuming adiabatic conditions, and
noting that the pdV work is zero, then

oE 1, R .

— + olh+ <Ivl” |)v-ndA = —W, 8)
ot cs 2

Neglecting change in internal energy due to viscous heat-
ing, we get
oE

W =0 (P4
o v=01(Pi

K1 2
?,Ovl ) + O (Pz +

K3
—0s(Ps+50V3)

K2

v2)
2,0 2

€))

where W, is the rate of work done by the fluid to overcome
viscous forces, and « is the kinetic energy correction factor.
From the mass conservation equation Q3 = Q1 + >, then,
V3 = (V1A1 + V»A2) /A3 where Vi =V + 8V sin (wf) and
Vo =V 4+ 8V sin (wt + ¢).

It has been shown (Lakkis 2008; Issa 2015), based on
Eq. (6), that a reduced-order circuit model of unsteady
incompressible flow in a rectangular channel consists
of an infinite number of parallel branches, where each
branch consists of an inductor in series with a resistance.
Since the inductor is a reactive element, it does not dissi-
pate energy, and it can be shown that the energy dissipated
over a pulsation cycle is due to the total (viscous) resist-
ance (R = AP/Q) of the parallel branches. To compute the
energy dissipated over a pulsation cycle, the reduced-order
circuit model shown in Fig. 3 is used, where R| is the resist-
ance of channel inlet 1, R is the resistance of channel inlet
2, R3 is the resistance from the beginning of the mixing
channel to location x3, and Ry is the resistance of the mix-
ing channel from location x3 to the outlet.

Assuming the inlet channels are identical and that all the
channels have the same height, H, then

P
2
Ql@ Q3 R. R
—— M AN
ﬁ P* P3 Patm
Q2
.
Py

Fig. 3 Reduced-order circuit model of the mixer

12nL; 1 12015 1 12nLs 1
Ri=Ry= T, R3= T, Ra= T
HW; Bi HW; B3 HW; B3

(10)

where, fory <1,

5—1 192y i tal’lh(@";;/l)ﬂ) an
h 73 2+ DS

with 8 ~ 1for y < 1. Equation 9 can then be integrated in
time over 1 period (T = 1/f), giving the following expres-
sion for the (normalized) rate of work input required to
overcome friction

WocycleS! 12 v 0B [6V\? 2)/32 L018)
=2 T 9. 81R -t OB v + —5 + N
PHWZV 1BiRe |\ yf = 03p3 Vi 383

2 2 2
(23 (Y s I (12

1 2 2

2 k1 4yl \%4 K1 2)/1

For Wi = W3, 61/63 = L3/L, U =2V, k1 = k3, p1 = B3
can be approximated as 8 >~ 0.9893 — 0.59y (with a rela-
tive error <5 %), we get

W, cycleSt 12

L3\ [8V\? L
— = <1+3><> +24+42
pHW2V~  PORe Lj\V L

3 1/8V\2
_° z 13
2K<1+2<V)) (13)

By inspecting Eq. (13), one can see that for a fixed geom-
etry, a given fluid, and fixed average velocity V, the product
Wv,cycleSt depends on (1) the length of the mixing chan-
nel L3, (2) the inverse of Reynolds number and (3) on the
square of the pulsation amplitude. Note that the kinetic
energy recovery term on the right-hand side of Eq. (13) is
negligible (when compared to the viscous term) when the
flow inertia is small, i.e., for Re% < 1L

In what follows, a computational study is carried out to
investigate the impact of the dimensionless variables, intro-
duced in Sect. 3, on mixing. To this end, numerical simula-
tions of the unsteady Navier—Stokes and species transport
equations for laminar flows in two and three-dimensional
coordinates were carried out using FLUENT/ANSYS.

5 Computational procedure and validation

Computational fluid dynamics (CFD) simulations on FLU-
ENT/ANSYS were carried out for the T geometry previ-
ously used in the literature (Glasgow et al. 2004; Goul-
let et al. 2005, 2006) and shown in Figs. 1b and 2 with
o= 180°, W =200 um, H/W = 1,2, and oo. In the CFD
simulations, the two velocity inlets are assigned velocities
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V=V 4+48Vsin@aft) and V =V 48V sinQnuft+ ¢)
respectively. The exit of the mixing channel is set as a
pressure outlet. The fluids entering from both inlets have
identical properties but are simply named differently to
allow the observation of diffusion. Due to symmetry with
respect to the xy plane, only half of the domain is consid-
ered. The working fluid is chosen to be water; the density
is set at p = 1000 kg/m?> and the dynamic viscosity for all
simulations is set at n = 0.001 kg/ms (except for the simu-
lations with a higher reynolds number where n was modi-
fied). The diffusion coefficient of the species to be mixed
is chosen to be D = 10~ m? /s, which is within the range
of diffusion coefficients of biomolecules in water Atkins
and De Paula (2010). The corresponding Schmidt number
is Sc¢ = 10,000.

In order to accurately capture the behavior in the mix-
ing channel, the effect of several factors on the results
were closely observed. These factors include (1) number of
time steps per cycle, (2) mesh size, (3) length of the inlet
and mixing channels, and (4) the time at which results are
recorded. Unless otherwise specified, the Strouhal num-
ber and Reynolds numbers presented in the results are
St =fW/V and Re=VW/v. These expressions corre-
spond to a characteristic speed equal to the average speed
in the mixing channel U =2V and to a characteristic
length equal to the hydraulic diameter of a channel of infi-
nite height (H/W — o0); Dj, = 2W.

5.1 Impact of time step

To observe the effect of the time step size on the results,
a 2D simulation with §V/V =5, W =200 wm, ¢ = 90°,
and St = 1.5 was carried out with the following values
for the number of time steps per pulsation cycle: 20, 40,
80, 160, and 320. The mesh size used is Ax = 10 wm.
Figure 4 shows that varying N can significantly influence
results. The difference between the results is most signifi-
cant between x/W = 1 and x/W = 6 with results becoming
closer at the beginning and end of the channel. It can also
be observed that using large time steps leads to significant
over-prediction of the degree of mixing, as a consequence
of not sufficiently resolving the pulsation cycle. Based on
these results the number of time steps per cycle used in the
simulations was set at 160, the value at which the results
with respect to number of time steps converged.

5.2 Impact of mesh size

The effect of the mesh size was also taken into consid-
eration and found to have a significant influence on the
degree of mixing for the 2D case with W = 200 pwm,
V =0.00lm/s, 8V/V=5¢=90° and St=15.
Figure 5 shows the variation of the degree of mixing with
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Fig. 4 Impact of time step on average degree of mixing along the
mixing channel
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Fig. 5 Impact of mesh size on average degree of mixing along the
mixing channel

decreasing mesh sizes. Larger mesh sizes yield inaccu-
rately higher degrees of mixing. Convergence of results
with respect to mesh size was found to be at a mesh size
with Ax = 5 um and so this value of mesh size was chosen
for the simulations performed.

5.3 Quasi-stationary state

The results presented in this paper are all recorded at the
quasi-stationary state, when the solution no longer varies
between subsequent cycles. This implies that each simu-
lation must run for a sufficiently long time to reach the
quasi-stationary state. Of importance also is the minimum
mixing length, defined as the distance from the mixing
channel entrance where the flow, once it has reached the
quasi-stationary state, experiences temporal fluctuations
in the degree of mixing with a variance less than a desired
threshold value.

To illustrate these points, the case with
V1 = 0.001 + 0.0075 sin(10r¢t) and V, = 0.001 4 0.0075
sin(107t + 7/2) m/s is simulated. Figure 6 shows the
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Fig. 6 Degree of mixing over a cycle at the quasi-stationary state at
two locations down the mixing channel

fluctuations in the degree of mixing experienced by the
flow over one cycle at positions x/W = 2.5 and x/W = 15.
The degree of mixing experiences more and larger fluc-
tuations at the location (x/W = 2.5) closer to the mixing
channel entrance than farther down (x/W = 15). This is
confirmed in Fig. 7, where the degree of mixing (i), aver-
aged over one cycle at the quasi-stationary state, is plotted
against the distance from the mixing channel entrance. The
dashed lines in the plot correspond to & + o, and @&t — oy,
where o, is the standard deviation of the temporal fluctua-
tions over a cycle at the quasi-stationary state at a given
location. So the distance between the dashed lines for
a given location (x/W) provides a measure of the peak to
peak temporal variations over a cycle at that location.

It can be observed from Fig. 7 that the average degree
of mixing continues to increase down the channel due to
mass diffusion across the interface between the streams. It
can also be observed that the temporal fluctuations in the
degree of mixing decreases down the channel. This can be
attributed to the role of viscous effects in damping these
fluctuations. Thus a smaller minimum mixing length is
accompanied by a larger threshold standard deviation and
vice versa, For example, a threshold fluctuations standard
deviation of 0.05 corresponds to a minimum mixing length
of 10.75 W while a threshold fluctuations standard devia-
tion of 0.075 correspond to a minimum mixing length of
4.65 W. The corresponding values of the average degree of
mixing at these two locations are 0.61 and 0.475.

Figures 6 and 7 show that the time and location at which
results are recorded is important and can alter results. As an
example of the discrepancy in the results that may arise if cer-
tain simulation parameters are not closely taken into consid-
eration, the following case of mixing in a three-dimensional
T configuration is presented: W =200 um, H = 120 um,
f=5Hz 8V/V =175,V =0.00lm/s, and ¢ = 90°. This
case was presented by Glasgow et al. (2004), Goullet et al.

0 2.5 5 7.5 10 12.5 15

Fig. 7 Average degree of mixing and standard deviation versus loca-
tion down the mixing channel at quasi-stationary state

(2005), where the recorded degree of mixing was shown to
be 0.66 at the position of x/W = 2.5 after 2s of flow time.
The number time steps per cycle was taken to be 40, and the
model is a 3D model with a hexahedral mesh, where most of
the cells have a side length of 10 wm Goullet et al. (2005).
Simulating the same case, but with the considerations pre-
sented and studied earlier taken into account, yielded an aver-
age degree of mixing obtained of 0.4 at the same location
used in Goullet et al. (2005). Based on the analysis previously
presented the result obtained in Goullet et al. (2005) overesti-
mates the mixing due to the lower number of time steps, the
bigger mesh size, and the time of recording of the result.

5.4 Length of channels

At the end of the channel a drop in the degree of mixing
is always seen to extend over a certain length. This is an
end effect due to back flow and to the boundary conditions
imposed at the end of the mixing channel. To avoid hav-
ing these end effects interfering with the recorded results, it
was always made sure that the exit channel is appended by
an artificial section of length exceeding the distance trave-
led in reverse by the flow up the mixing channel during a
period, so that during flow reversal over the second half of
the period the flow entering through the mixing channel
exit occupies this extension only without contaminating the
main section of the mixing channel.

The length of the inlet channels is also chosen to exceed
the distance the flow travels in reverse during a period as
well so that the inlet boundary conditions are respected.

5.5 Verification of the viscous work
The pressure calculated through the equation AP =R - Q
was compared against the numerical values of the pressure

obtained from the simulations on FLUENT/ANSYS to fur-
ther validate the energy calculations. The two pressures, that
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. CFD
Equation (13)

Work per unit height (uJ/m)

0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

St

Fig. 8 Comparison between numerical simulation (symbols) and Eq.
(13) (solid line)

Table 1 Varying §V/V at St =2

6 Results and discussion

In this section, the impact of pulsation amplitude (§V/V),
pulsation frequency (St), Reynolds number (Re), phase dif-
ference (¢), and channel cross section aspect ratio (H / W)
on mixing is numerically investigated. For all the simula-
tions presented, and unless otherwise specified, the follow-
ing dimensionless parameters are kept constant: o« = 180°,
Re = 0.2, and ¢ = 90°. For every group of simulations,
one dimensionless group is varied (while the others kept
fixed) and the results are recorded on planes placed every
50 wm down the mixing channel. The degree of mixing is
then recorded at these discrete locations during one station-
ary cycle. The mean and standard deviation of the degree of
mixing during one cycle are then computed; these values
are used to make the plots in the following sections.

In the low Re flow regime, when the pulsating frequency
is small (f < V/W), the role of inertia in the momentum
equation is small (Re < 1 and Re - St < 1) and the veloc-
ity profile approaches the Poiseuille profile. In the mass

transfer equation, advection dominates diffusion due to the

/W =0
z/W =5

sV/V V (m/s) sV (m/s)
0 0.001 0
2.5 0.001 0.0025
3.75 0.001 0.00375
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10 0.001 0.01
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Fig. 9 Average degree of mixing and the standard deviation versus
x/WforsV/V =0,2.5,3.75,5,6.25,7.5,10 for St = 2

obtained from the resistance formula, and that obtained from
simulations, proved to be very similar, especially in the cases
where inertia effects are weak (O Re < 1). The comparison of
the work input per unit height (H) per cycle required to over-
come friction over a mixing channel of 2000 pwm length with
8V /V =5, presented in Fig. 8, shows that Eq. (13) is valid
for the range of values of Strouhal number of interest.
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Fig. 11 Normalized energy consumption as a function of mixing
length and pulsation amplitude
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Table 2 Varying Strouhal number at Re = 0.2

St Frequency f sV/V

0.1 0.5 5,7.5,10
0.2 1 5,75,10
0.4 2 5,75,10
0.6 3 5,75,10
0.8 4 5,7.5,10
1 5 5,7.5,10
1.5 7.5 5,7.5,10
2 10 5,7.5,10
3 15 5,7.5,10
4 20 5,75, 10

small value of the mass diffusion coefficient. When the two
low inertia streams meet, mixing takes place as diffusion
across the interface. In this diffusion limited regime, the
transverse diffusion length scales as §(x) ~ v/Dx/V so that
the channel length required for diffusion across the chan-
nel, starting at the centerline, to reach the channel wall is
L* ~ PeW, where Pe = Re - Sc, Sc = 10* and Re = o).
As a result, the degree of mixing is very low (Goullet et al.
2006) for mixing channels of length L << L*.

Pulsating flows improve mixing by significantly
increasing the length of the interface between the two
streams across which mixing takes place by diffusion.
This increase in the interface length is due to the winding
caused by the pulsating streams with 90° phase difference.
We show that this improvement increases as the pulsation
frequency increases, peaking at critical values above which
the degree of mixing deteriorates. For very large pulsation
frequencies on both inlets (Re - St > 1, Re < 1), the pul-
sation period is so small that the winding of the interface
between the two streams does not take place, resulting in
poor mixing.

The winding of the interface between the two streams is
not only dependent on the pulsation frequency, but also on
the pulsation amplitude, §V. An increase in 8V /V, the ratio
of amplitude over mean or base velocity, is expected to
improve the degree of mixing since the length scale of the
interface where the two streams meet (and thus the degree
of winding) is controlled by §V /f in addition to the zone
dimensions W and H. Larger values of §V/V are however
accompanied by larger temporal fluctuations in the degree
of mixing along the mixing channel due to the continuous
large amplitude pulsing. In addition, they will result in an
increase in the energy consumed, as can be observed from
Eq. (13).

Next, results that show the impact on mixing of
8V/V, St, Re, ¢, and H/W is presented along with a more
detailed discussion based on ANSYS/FLUENT numerical
simulations.

0.75
0.5
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224 0.5
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ors S84 — 1
0.5 ]

0.25 s . 1

Fig. 12 Average degree of mixing versus location down the mixing
channel at different frequencies and §V/V =5

6.1 Effect of pulsation amplitude

Numerical simulations of the transient mixing of the two
pulsating streams were carried for the different values
of pulsation amplitude shown in Table 1 for the 2D case
where W = 200 wm, Re = 0.2, ¢ = 90, and St = 2.

For these different values of 8V /V, the degree of mixing
versus the location down the mixing the channel is plotted

@ Springer
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in Fig. 9 at the quasi-stationary state. The size of the bars
on the plot, representing the standard deviation from the
average taken over a pulsation cycle, indicates how large
the fluctuation in one cycle is at every location. It is evi-
dent from Fig. 9 that as §V/V increases, the mean degree
of mixing increases. It is also observed that further down
the mixing channel, the fluctuation in the degree of mix-
ing during one quasi-stationary cycle decreases due to the
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Fig. 13 Average degree of mixing versus location down the mixing
channel at different frequencies and §V/V = 7.5
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Fig. 14 Average degree of mixing versus location down the mixing
channel at different frequencies and §V/V = 10

considerable viscous damping encountered in low inertia
flows.

Figure 10 plots the average degree of mixing versus
8V /V at four different locations down the mixing channel,
showing the standard deviation at the selected points. The
results show that the improvement in the average degree
of mixing with increasing 8V /V is asymptotic, where
at low 8V /V poor mixing is obtained, with the mixing
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improving rapidly between §V/V = 3.75and §V/V = 7.5.
For §V/V > 7.5, the slope of the graph starts to decrease
indicating less improvement in the degree of mixing. As the
pulsation amplitude increases, the amplitude of the tempo-
ral fluctuations in the degree of mixing over a quasi-station-
ary cycle is expected to increase, as confirmed in Fig. 10. It
can also be observed from Fig. 10 that for locations down
the mixing channel beyond x/W = 10 the degree of mix-
ing experiences little change both in terms of the mean
and standard deviation. In this case, the minimum mixing
length is 10 W.

The normalized rate of energy consumed versus mixing
length for different values of pulsation amplitude is plotted
in Fig. 11, as determined from Eq. (13). From the energy
consumption point of view, one can infer from Figs. 10
and 11 that the small increase in the degree of mixing at
x/W = 10 as the pulsation amplitude (§V/V) is increased
from 7.5 to 10 is accompanied by 73 % increase in energy
consumption. One can also infer that there is a tradeoff

Té'V/V ;5 »—‘)(—1
SVIV =75 r0en
0.8F SV/V =10 +-ema |

doy,

I an

0 1 1 1 1 1 1 1

Fig. 15 Average degree of mixing and the standard deviation versus
Strouhal number at x/W = 5for§V/V = 5,7.5and 10

SV/V =5
SV/V =75 o
SV/V =10 roest |

Fig. 16 Average degree of mixing and the standard deviation versus
Strouhal number at x/W = 10 for §V/V = 5,7.5 and 10

between the mixing length and the pulsation of amplitude.
Increasing the pulsation amplitude from 7.5 to 10 caused
a reduction of the mixing length from 10W (2000 wm) to
S5W (1000 pm) for the same value of the average degree of
mixing (i = 0.6). This reduction in the mixing length is,
in this case, accompanied by a 16 % increase in the energy
consumption.

6.2 Effect of pulsation frequency

To capture the impact of the pulsation frequency on mix-
ing and the associated energy cost, transient simulations
were performed for the 2D cases listed in Table 2. The
simulations were carried out for three different values of
the pulsation frequency 8V /V =5, 7.5 and 10 to allow the
investigation of the combined effect of Strouhal number
and 8V/V. For all the cases considered, V = 0.001 m/s,
W =200 pm, ¢ = 90, and Re = 0.2.

In Figs. 12, 13 and 14, the degree of mixing (t), aver-
aged over a cycle at the quasi-stationary state, is plotted
against the location down the mixing channel for three dif-
ferent values of pulsation amplitude; §V/V = 5, 7.5 and
10 respectively. The dotted lines correspond to 1t + o, and
o — oy. For all the values of 8V /V considered, it can be
observed that at the highest frequencies, both the average
degree of mixing and the standard deviation are the small-
est. At low frequencies, the average degree of mixing is
also small, but the standard deviation is the largest. The
highest achieved mixing occurs within a certain range of
Strouhal numbers for each value of §V /V; below and above
which the mixing is worse. This can also be observed in
Figs. 15, 16, and 17 where the average degree of mixing
and standard deviation, over a cycle at the quasi-stationary
state, are plotted versus Strouhal number at the locations
x/W =35, 10, and 15 respectively. At each of the locations
considered, there is an optimal Strouhal number at which
the mixing is highest, and moving away from this optimum

SVIV =5 —

VIV =75 tomen

0.8F T . T__((;__—'—E\\\\\()V/V:IO I
Tt e R,
& 0.6r:3 7 >
el
= %
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Fig. 17 Average degree of mixing and the standard deviation versus
Strouhal number at x/W = 15for§V/V =5,7.5and 10
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Fig. 18 Degree of mixing for
the case: St =2,5V/V = 10,
Re =02

in both directions will decrease the average degree of mix-
ing. These values of optimum Strouhal numbers for mix-
ing are larger for larger 8V /V. The degree of fluctuation
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over a cycle at the quasi-stationary state, quantified by the
size of the bars in Figs. 15, 16, and 17, decreases as the
pulsation frequency (or Strouhal number) is increased. In
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Fig. 19 Degree of mixing for
the case: St = 4,5V /V = 10,
Re =02
T/8

time = 26.7062 [ s ] time = 26.7313 [ s

time =26.7125[s ] time = 26.7375[ s

time = 26.7188 [s ] time = 26.7437 [ s

some cases, the pulsation frequency that yields the highest
degree of mixing for a given mixing length does not yield
the smallest fluctuations, and if a smaller o, is desired, then
the pulsation frequency has to be increased, which reduces

time =26.725[s ] time =26.75[s]

the average degree of mixing. The figures also show that
the average degree of mixing increases as the mixing
length increases (larger x/W), in accordance with earlier
observations.
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Fig. 20 Degree of mixing for the case: St =02, 8§V/V =10,
Re = 0.2. For visual clarity, the image is magnified three times along
the channel width

Figure 18 shows the evolution of the flow during 1 pul-
sation cycle at 7/8 intervals for St =2 and 8V/V =10,
where the color indicates the species mass fraction: red
for mass fraction of 1, blue for mass fraction of 0, and yel-
low for well-mixed regions of a mass fraction of 0.5. The
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Fig. 21 Impact of Reynolds number on average degree of mixing
and the standard deviation down the mixing channel for St =2 and
8V/V=15
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Fig. 22 Average degree of mixing and standard deviation vs location
at¢p =45

pulsing and the change in the interface of the two flows
can be seen at the different stages. Figures 19 and 20 show
respectively the evolution of the flow at a higher frequency
(St = 4) and a lower frequency (St = 0.2), with the pulsa-
tion amplitude kept the same; §V/V = 10. By inspecting
the inlet velocity of the two streams, V + 8V sin(2mft) and
V + 8V sin(2mft + m/2), it can be shown that during the
first quarter of the pulsation period, both inlet streams flow
into the mixing channel. During the second quarter of the
pulsation period, the second stream (blue) reverses direc-
tion while the first stream (red) continues to flow into the
channel at a decreasing speed. During the third quarter of
the cycle, both streams flow in the reverse direction (out of
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Fig. 23 Average degree of mixing and standard deviation vs location
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Fig. 24 Average degree of mixing and standard deviation vs location
at¢ = 180

the channel). During the last quarter of the pulsation cycle,
this first stream continue to flow in the reverse direction at
a decreasing speed, while the second stream flows into the
channel.

At the low pulsation frequency, the flow down the mix-
ing channel is characterized by alternating zones of fluid
from the two inlet streams. For fixed average an pulsa-
tion amplitude speeds, the size of these zone is, to a larger
degree, determined by the pulsation period. Thus when the

x /W

Fig. 25 Average degree of mixing and standard deviation versus
location for different values of ¢ and St = 2
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Fig. 26 Impact of channel aspect ratio on average degree of mixing
along the mixing channel for §V/V = 7.5and St = 2
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Fig. 27 Impact of channel aspect ratio on the fluctuation in the
degree of mixing (over a quasi-stationary cycle) along the mixing
channel for §V/V = 7.5and St = 2

pulsation frequency is small, these alternating zones are

significantly longer than W, the size of the region where
the two streams meet. Mixing in this case occur at the
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Fig. 28 Impact of channel aspect ratio on average degree of mixing
along the mixing channel for different values of Stand 6V /V =5

interface separating these zone, where the length of this
interface is approximately W times the number of zones,
as can be inferred from Fig. 20. When the pulsation fre-
quency is large, the length scale of the structures produced
by the pattern described above is significantly smaller than
W, and mixing in this case occurs across a winding inter-
face extending downstream the mixing channel, where
the winding is characterized by a length scale of the order
of magnitude of the pulsation speed times the pulsation
period, which is smaller than W when f > §V /W. Optimal
mixing occurs at intermediate frequencies, where % ~ %
or f ~ 2—“,/[,. At this frequency, the winding in the interface
between the two streams is of the same order of magnitude
as W, leading to better mixing per unit length of the mixing
channel, as shown in Fig. 18. Mixing of the two streams is
thus bounded at both low and high frequencies. At low fre-
quencies the diffusive term is dominated by the advection
term, and at high frequencies by the transient term. Both
of these effects lead to reduced winding and mass diffu-
sion across the smaller interface between the two streams
reduces mixing.

The rate of input work required to overcome friction
does not depend on the pulsation frequency, as can be from
Eq. (13), where both the viscous and kinetic energy terms
on the right-hand side of the equation do not depend on the
frequency.

6.3 Impact of Reynolds number

Figure 21 shows the impact of Reynolds number on the dis-
tribution of the average degree of mixing and the standard
deviation (over a cycle at the quasi-stationary state) along
the mixing channel for the 2D case with W = 200 um,
V =0.001 m/s, and ¢ = 90. The value of the Reynolds
number is varied from 0.2 to 2000 and the flow is con-
sidered to be laminar throughout this range. To keep the

@ Springer

other dimensionless number constant, Reynolds number is
changed by changing the value of the dynamic viscosity, 7.
Figure 21 shows that varying the Reynolds number has lit-
tle effect on the results, where it can be seen that the degree
of mixing does not noticeably vary at the different values
of Re. This is because Reynolds numbers was increased
by reducing the viscosity while keeping inlet velocities the
same. So while the velocity profile across the mixing chan-
nel changes shape as Re is increased, the average velocity
is still the same, and consequently Peclet number is the
same, where Pe~! = 0.00025 indicates that the mixing of
the species is strongly limited by mass diffusion.

6.4 Impact of phase difference

Impact of the phase difference between the two streams is
investigated for phase angles of 45, 90, 135, and 180 for the
2D case with W =200 pum, V = 0.001 m/s, §V/V =17.5,
and Re = 0.2. Figures 13, 22, 23, and 24 plot the degree of
mixing for different Strouhal numbers and phase angles vs
x/W. Similar to the case studied earlier for ¢ = 90 (Fig. 13),
the fluctuation in the degree of mixing is reduced by increas-
ing Strouhal number and decreases down the mixing chan-
nel. Notice that while St = 2 is the optimal value for ¢ = 90,
St = 1is optimal for the other phase angles. For 8V /V = 7.5,
St = 2 and Re = 0.2, the degree of mixing vs x/W is plotted
for the four phase angles in Fig. 25 for St = 2. The case of
¢ = 90 yields the highest values for the degree of mixing, in
accordance with the findings in Goullet et al. (2005), 2006),
Glasgow et al. (2004), and Glasgow and Aubry (2003).

6.5 Effect of sidewalls

In this section, we investigate the effect of sidewalls by
comparing the two-dimensional results presented thus far
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Fig. 29 Impact of channel aspect ratio on the fluctuation in the
degree of mixing (over a quasi-stationary cycle) along the mixing
channel for different values of St and §V/V =5
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Fig. 30 Degree of mixing for
the 3D case: H = 400 pum,
St=0.8,8V/V =5 Re=02
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to mixing in 3D channels with H/W =1 and H/W=2, and frequency of 8V/V =7.5 and f =10 Hz (corre-
W =200 um, V = 0.001 m/s, Re = 0.2, and ¢ = 90. The  sponding to St = 2). The corresponding temporal fluctua-
average degree of mixing along the channel at quasi-sta-  tions (over one cycle at quasi-stationary state) are plotted
tionary state is presented in Fig. 26 for pulsation amplitude  in Fig. 27. It can be observed that while the magnitude
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Fig. 31 Power per unit depth at various St at Location x/W = 10
down the mixing channel (Lz = 2000 p.m)

of the degree of mixing decreases slightly as the height
of the channel decreases, both the spatial and tempo-
ral fluctuations experience considerable damping owing
to the increasing role of friction as a result of the smaller
hydraulic diameter. Similar conclusions can be made from
Figs. 28 and 29, where the magnitude of the average degree
of mixing and the fluctuation are respectively presented
for pulsation amplitude of §V/V =5 and frequencies of
f =3,7.5 and 10 Hz for the three channels.

Figure 30 shows the evolution, at uniformly spaced time
intervals of the pulsation period, of the flow for the 3D case
with H =400 wm, Stw = 0.6, §V/V =35, and Re = 0.2.
In addition to the volumetric distribution of the degree of
mixing, the figure also displays the degree of mixing distri-
bution at uniformly spaced cross sections along the mixing
channel with a spacing of 50pum. Also shown in the figure
are three cross sections along the mixing channel corre-
sponding toy = —W /4,0, W/4.

7 Selecting design operation conditions

In selection of design operating conditions, the discus-
sion so far has established that the following needs to be
taken into account (1) degree of mixing (spatially averaged
over a cross section and temporally averaged over a cycle
at the quasi-stationary state), (2) temporal fluctuations in
the degree of mixing over one cycle, (3) choice of the mix-
ing length based on (1) and (2), (4) the power required to
overcome viscous forces in the mixing channel, and (5)
the desired throughput, which is the flowrate exiting the
mixing channel. For Vi=Va=V, 8V, =8V, =8V and
W, = W, = W, the throughput is 2VWH.

For example, if the minimum desired average degree of
mixing is 0.5 and maximum fluctuation is 0.05 (o, < 0.05),
then these design requirements can be achieved with (a)
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f =10 Hz, §V/V = 6.25, with a minimum mixing length
of 2150 wm, or with (b) f =10 Hz, §V/V = 10, with a
minimum mixing length of 1500 pm. In choosing between
these two operating points, there is a tradeoff between
length of mixing and energy. While the length of the mix-
ing channel for operating point (b) is 70 % less than that in
(a), the power cost is twice.

If the fluctuations in the degree of mixing are small, as
is the case for channels with smaller H/W, a chart similar
to the one shown in Fig. 31 can be used for selecting design
operating conditions for a given length of the mixing chan-
nel. The figure illustrates the parabolic dependence of the

power per unit length of the channel (Wv_(:ycle -f/L3) on

pulsation amplitude for Re =0.2 and L3 = 2000 pwm.
Superimposed on the same graph is the degree of mixing
versus 8V /V for two values of Strouhal number in the opti-
mal range identified above. Figure 31 can be used to pick
the pulsation frequency and amplitude (for a mixing chan-
nel of 2000 wm length) to realize a desired degree of mix-
ing while taking into consideration the power consumption.

8 Conclusion

This work presents a numerical study of mixing using pul-
sating flows in terms of dimensionless numbers that repre-
sent the pulsation amplitude (8V/V), pulsation frequency
(81), phase angle (¢), channel height (H/W), and fluid vis-
cosity (Re). This work also takes into account the rate of
work input required to overcome viscous effect and achieve
mixing. Over the covered ranges of parameters, the pulsa-
tion amplitude (%V) and frequency (S7) proved to have the
biggest impact on the degree of mixing down the mixing
channel. Both the average and the temporal fluctuations
in the degree of mixing over a quasi-stationary cycle are
considered. Due to the sensitivity of the solution to vari-
ous numerical parameters, care has been taken to (1) extend
the channel length to account for the effect of the exit
boundary conditions during flow reversal, (2) sufficiently
resolve space and time, (3) run the simulations long enough
to reach a quasi-stationary state. It was found that, due to
pulsation, the degree of mixing experiences spatial fluctua-
tions down the mixing channel as well as temporal fluc-
tuation over a pulsation cycle. Larger fluctuations in the
degree of mixing over a quasi-stationary cycle are observed
at lower frequencies (S7) and higher pulsation amplitudes
(8V/V). For a given W, the magnitude of these fluctuations
is smaller as H/W — 1 due to the increasing role of vis-
cous damping. We also found out that there is an optimal
pulsation frequency below and above which the mixing
deteriorates and that this optimal frequency depends on the
pulsation amplitude and channel width as f ~ 4(137‘1//‘ For low
inertia flows, the rate of work input required to overcome
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friction does not depend on the pulsation frequency. As
for dependence on the pulsation amplitude, increasing the
pulsation amplitude (%V) yields better mixing for a given
Strouhal number. This improvement is, however, asymp-
totic where the large increase in energy cost may not justify
the slight improvement in the degree of mixing.
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