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Reduced-Order Modeling
of Low Mach Number
Unsteady Microchannel Flows
We present reduced-order models of unsteady low-Mach-number ideal gas flows in two-
dimensional rectangular microchannels subject to first-order slip-boundary conditions.
The pressure and density are related by a polytropic process, allowing for isothermal or
isentropic flow assumptions. The Navier–Stokes equations are simplified using low-
Mach-number expansions of the pressure and velocity fields. Up to first order, this
approximation results in a system that is subject to no-slip condition at the solid bound-
ary. The second-order system satisfies the slip-boundary conditions. The resulting equa-
tions and the subsequent pressure-flow-rate relationships enable modeling the flow using
analog circuit components. The accuracy of the proposed models is investigated for
steady and unsteady flows in a two-dimensional channel for different values of Mach and
Knudsen numbers. [DOI: 10.1115/1.4026199]

1 Introduction

Early interest in microflows originated in attempts to model the
airways in the respiratory system. More recently, with the advent
of microelectromechanical systems, modeling gas microflows
gained importance in many applications, such as microcompres-
sors, microvalves, microfilters, microcombustors [1], microtur-
bines [2], microthrusters, and micronozzles. The dynamic role of
gas surrounding an oscillating microstructure [3] is also an impor-
tant part in designing robust devices, such as micro-RF switches
and resonators. The complexity of these devices makes simulation
of the detailed physics an expensive and a time-consuming task.
Alternative design and analysis approaches based on reduced-
order modeling [4] are attractive due to the advantages they offer
in terms of speed, cost, and ability to perform analysis and design
in an integrated multiple-domain “circuit design” environment.
System-level modeling also enables fast sweeping of the design
parameters, thereby reducing significantly the design space.
Development of efficient yet accurate reduced-order models for
individual components, such as microchannels, is paramount to
the viability of system-level design approach.

Microchannels are the most common building blocks of micro-
fluidic devices. They offer transport of small volumes of the work-
ing fluid. As opposed to macroscale flows, gaseous microflows are
generally laminar with small but significant value of Reynolds
number. In some applications, such as microturbomachines [5],
Reynolds number could reach a few thousands, indicating the
increasing role of inertia effects. Unlike the case with macroscale
flows, microgas flows can experience rarefaction (even at a small
value of Mach number) when the device’s dimensions become
comparable to the mean free path of the gas (Knudsen number
larger than 0.001). If the departure from continuum is not signifi-
cant (Kn ! 0:1), the Navier–Stokes equations are still applicable
with slip-boundary condition [6–8] at a solid wall.

Because of large surface-to-volume ratio of microdevices, it is
reasonable to assume that the flow is isothermal if the channel
wall is a good heat conductor, such as silicon [7]. Reduced-order
dynamic modeling of microchannel isothermal gas flows requires
capturing the unsteady behavior of the flow accurately. This is
particularly important in applications in which precise control of

the flow conditions is required. For low-inertia isothermal gas
flows in large aspect ratio channels (a" 1;Re" 1, and
ReSt" 1), pressure drop balances the shear force, resulting in the
well-known pressure-flow rate relation [7]
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where the subscript zero refers to conditions at the reference tem-
perature T0. The analog circuit model, shown in Fig. 1, corresponds
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unit length, where the volume flow rate is taken as the through vari-
able (current) and the pressure is taken as the across variable
(voltage).

Most models available in the literature account for steady iso-
thermal gas flow through parallel channels [9–13]. Those models
are either numerical or analytical and they range from slightly
compressible [13] to compressible subsonic flows [14]: a numeri-
cal investigation of steady isothermal gas flows is presented in
Ref. [9], whereas the authors in Ref. [14] present an analytical
model based on Burnett momentum equation of a steady isother-
mal, compressible subsonic gas flow in a microchannel with
slowly varying cross section. An analytic and experimental inves-
tigation into two-dimensional steady gaseous flow with slight rar-
efaction through long microchannels is presented in Ref. [10].
The model is based on the Navier–Stokes equations with a first-
order slip-velocity boundary condition. Analytical solutions for
the pressure and the velocity profiles in a microchannel, derived
from the quasigas dynamic equations (QGD), are presented for
two-dimensional isothermal steady gas flow in Ref. [12].

A steady subsonic pressure–driven isothermal gas flow in a cir-
cular and planar microchannel within the slip-flow regime is stud-
ied theoretically in Ref. [15] using a perturbation expansion in
Knudsen number and ratio of height to length to solve the com-
pressible Navier–Stokes equations. In particular, it is proven that
the isothermal flow assumption is indeed reliable for relatively
lower-order expansions. Another solution of a steady isothermal,
compressible, and laminar gas flow in either a circular or a planar
microchannel with slip boundary conditions that is based on per-
turbation expansions is presented in Ref. [16]. An analytic solu-
tion, based on perturbation in fluid compressibility, to the
vorticity-stream function form of the hydrodynamics equations is
found for steady laminar weakly compressible isothermal and is
presented in Ref. [13]. The authors in Ref. [17] extend the work in
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Ref. [10] by presenting two different sets of asymptotic solutions
based on estimations of Reynolds and Mach number at the outlet.
The models are presented for steady laminar compressible micro-
channel gas flows with a relaxation of the widely used isothermal
assumption.

None of the solutions in the aforementioned studies is assimi-
lated in a circuit model, but most importantly, none of them deals
with unsteady flows. A system-level circuit model for an unsteady
incompressible flow in channels of slightly varying cross section
is presented in Ref. [18]. The current work can be viewed as an
extension of Refs. [19] and [18], where the objective is to present
a novel dynamic analog circuit model for low Mach number gas
flow undergoing a general polytropic process, where isothermal
and isentropic flows are special cases. We consider two-
dimensional long channels, where inertia effects are not negligible
(a" 1, RehSth not necessarily<1, and aReh not necessarily <1).
The derived models are compared to the inertia-free model of
Eq. (1) and numerical results from computational fluid dynamics
(CFD) simulations using ANSYS (FLUENT).

This manuscript is organized as follows: in the first section, the
governing equations in dimensionless form for a polytropic flow
satisfying the first-order slip boundary condition at the channel’s
wall are presented. We show in Sec. 2 the expansion of the ther-
modynamics fields as perturbation series in terms of the low Mach
number. This approximation results, up to first order, in a system
that satisfies the no-slip boundary condition. The higher-order sys-
tem satisfies the slip condition at the channel’s wall. In Sec. 3, the
reduced-order model of these systems is introduced as well as a
circuit model for the first-order system. In Sec. 4, the model is
validated by numerical simulations, and comparison with FLUENT

is shown.

2 Governing Equations in Dimensionless
Form for a Polytropic Flow

The conservation of mass and momentum for a single-species
nonreacting Newtonian fluid are governed by the following equa-
tions [20]:

@q
@t
þr & q~uð Þ ¼ 0 (2)

q
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þ~u &r~u

! "
¼ $rpþ l D~uþ 1

3
rðr &~uÞ
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where the gravity body force is neglected, as is typical in micro-
flows. In these equations, q is the density, ~u is the velocity, p is
the pressure, and l is the viscosity of the fluid. The working fluid
is assumed to be an ideal gas obeying p ¼ qRT. We further
assume that the pressure and temperature are related by the poly-
tropic equation

p

ql
¼ constant (4)

which allows for a range of processes, including isothermal and
isentropic flow approximations. Here, l is the polytropic constant
and 0 < l ! c.

We consider gas flow in a channel with width much larger than
depth (w) h) so that the flow can be modeled as two dimen-
sional in the x$ y plane, where x refers to the flow direction and y
to the transversal direction. The channel cross-sectional area is

assumed to be slowly varying so that b ¼ dh=dx" 1 (in the later,
we will consider that b ¼ 0). We also consider channels with as-
pect ratios satisfying the condition a ¼ h0=L" 1, where L and h0

are, respectively, the channel length and average depth.

2.1 Nondimensionalization. The governing equations are
next presented in dimensionless form to get some insight into the
relative scaling of the various physical terms. For that purpose, we
introduce the following dimensional quantities with which to scale
(here, we use the tilde for the dimensionless variables and the
underscore zero for the reference dimensional quantities; for
example, ~p ¼ p=p0)

(1) length scales: x * L, y * h0

(2) velocity u * u0, v * v0 ¼ bu0 (The continuity equation
may be used to come up with appropriate scaling of the
y-component of the velocity)

(3) pressure and density: p * p0, q * q0

(4) time scale: t * 1=f , where f is a characteristic forcing
frequency

We write the dimensionless version of these equations in com-
ponent form after dropping the tildes and neglecting terms of
order a2; ab, and higher. The governing equations for mass conti-
nuity and momentum become
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where Reynolds, Strouhal, Mach, and Knudsen numbers are,

respectively, Reh ¼ q0u0h0

l , Sth ¼ fh0

u0
, Ma ¼ u0ffiffiffiffiffiffi

cRT
p , and Kn ¼ k

h0
. It

should be noted that Kn, Ma, and Reh are related according to

Kn ¼
ffiffiffiffi
cp
2

q
Ma
Reh

. Note also that the density is replaced by the pres-

sure upon employing the polytropic relation p ¼ ql.

2.2 Parallel Channel Flow. The parallel channel flow corre-
sponds to b ¼ 0 (or v ¼ 0) and hðxÞ ¼ h0, so that the equations
for conservation of mass and momentum become
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These equations are subject to first-order slip boundary condition
at the wall and symmetry condition at the centerline

ujy¼1=2¼ $
2$ rv
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3 The Low-Mach-Number Approximation

In the low-Mach-number model [21], the pressure is decom-
posed into a dynamic component, p1, and thermodynamic compo-
nent, p0, the ratio of which is O(Ma2). This enables decoupling
the density and pressure so that the total pressure may be replaced
everywhere by the thermodynamic pressure, except in the mo-
mentum equation. As such, density variations in an ideal gas arise

Fig. 1 Inertia-free isothermal model
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only from temperature variations according to p0 ¼ qRT. Large-
amplitude density and temperature fluctuations are therefore
allowed, and the only requirement is that the total pressure stays
close to the background pressure p0, which is nearly constant for
open domains but is generally time dependent in closed domains,
such as channels. So we consider flows for which Mach number is
a small parameter that we denote by e ¼ ffiffiffi

c
p

Ma" 1, which
means that the velocity field and other quantities should be
rescaled accordingly.

We now seek expansions in e. It should be noted that the first-
order slip-boundary condition is a valid assumption [7] for
Kn < 0:1. It is then justifiable to assume Kn ¼ OðeÞ, although
the discussion that follows will be also valid for
Kn ¼ OðeqÞ; 1 ! q < 2. So we shall write Kn ¼ Ae; where A is
some order one constant. This enables expansion of the slip-
boundary condition in terms of e. Since Kn ¼

ffiffiffiffiffiffiffiffi
p=2

p
ðe=RehÞ, it

follows that Reh is Oð1Þ or larger. We further make the assump-
tion that the channel’s aspect ratio a is also a small parameter on
the order of e, i.e., a ¼ Be, where B is some order one constant.

With these assumptions, the resulting system for conservation
of mass and momentum (Eqs. (8)–(10)) is
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where the boundary conditions at the solid wall and the centerline
are, respectively,

ðp1=luÞ
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¼ $ 2$ rv
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We now seek a perturbation expansion of the velocity and pres-
sure fields as follows:

p ¼ p0 þ ep1 þ e2p2 þ Oðe3Þ
u ¼ u0 þ eu1 þ e2u2 þ Oðe3Þ

(16)

v ¼ v0 þ ev1 þ e2v2 þ Oðe3Þ (17)

We also use the approximation

p1=l * ðp0 þ ep1 þ e2p2Þ1=l * p1=l
0 1þ 1

l
ep1=p0 þ

1

l
e2p2=p0

! "

(18)

The expansions result in two systems of equations, the first of
which combines Oðe0Þ and OðeÞ and relates the zeroth-order ve-
locity to the first-order pressure,

System 1

@p0

@t
¼ 0 ð19Þ

@p0

@t
¼ 0 ð20Þ

@p0

@y
¼ 0 ð21Þ

Sth

lp0

@p1

@t
þ B

@u0

@x
¼ 0 ð22Þ

p1=l
0 Sth

@u0

@t
¼ $B

@p1

@x
þ Affiffiffiffiffiffiffiffi

p=2
p @2u0

@y2
ð23Þ

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

satisfying the no-slip boundary condition at the solid wall in addi-
tion to the symmetry condition at the centerline

u0jy¼1=2¼ 0 and
@u0

@y

((((
y¼0

¼ 0 (24)

The second system of equations combines OðeÞ and Oðe2Þ and
relates the first-order velocity to the second order-pressure

System 2

Sth

lp0

@p2

@t
þ B

@u1

@x
þ 1

lp0

@p1u0Þ
@x

! "
¼ 0 ð25Þ

p1=l
0 Sth

p1

lp0

@u0

@t
þ @u1

@t

! "
þ Bu0

@u0

@x

! "
¼ $B

@p2

@x
þ Affiffiffiffiffiffiffiffi

p=2
p @2u1

@y2
ð26Þ

8
>>><

>>>:

satisfying the slip-boundary condition at the solid wall in addition
to the symmetry condition at the centerline

p1=l
0 u1 þ

p1

lp0
u0

! "

y¼1=2

¼ $ 2$ rv

rv
A
@u2

@y

((((
y¼1=2

and
@u1

@y

((((
y¼0

¼ 0

(27)

Since the y-momentum equation in Eq. (14) is Oðe3Þ, it can be
inferred that the pressure does not depend on the transversal direc-
tion (to the order we are considering).

3.1 The Reduced-Order Model for the First-Order System.
We are going to solve the first system now. It is clear from the
momentum equations in Eqs. (19)–(21) that the zeroth-order pres-
sure field is a constant p0ðx; y; tÞ + p0. The momentum equation

of the next order Eq. (23) is viewed as a diffusion equation for the
zeroth-order velocity field u0ðx; y; tÞ, with a forcing term consist-
ing of the first-order pressure p1ðx; tÞ.

Our solution approach for this equation uses the integral trans-
form in the transversal variable y defined as

ûðx;bm; tÞ ¼
ð1=2

0

Kðbm; y
0Þu0ðx; y0; tÞdy0 (28)

along with the inverse transform

u0ðx; y; tÞ ¼
X1

m¼0

Kðbm; yÞûðx; bm; tÞ (29)

where the kernel solves the eigenvalue problem

d2/
dy2
þ b2/ðyÞ ¼ 0 in 0 ! y ! 1=2 (30)
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subject to the boundary condition

/0ð0Þ ¼ 0 and /ð1=2Þ ¼ 0 (31)

The solution of Eq. (30) is

Kðbm; yÞ ¼ 2 cos bmy (32)

where bm solves the characteristic equation

cos bm=2 ¼ 0) bm ¼ ð2mþ 1Þp; m ¼ 0; 1; & & & (33)

Note that the norm of the kernel is defined as

Nm ¼
ð1=2

0

Kðbm; yÞdy ¼ ð$1Þm

ðmþ 1=2Þp
(34)

Applying this transform to Eq. (23), we obtain

Sthp1=l
0

@û

@t
¼ $BNm

@p1

@x
$ Affiffiffiffiffiffiffiffi

p=2
p b2

mû (35)

with the initial condition ûðx; t ¼ 0Þ ¼ 0, which is solved to get

ûðx;bm; tÞ ¼ $
B

Sthp1=l
0

Nm

ðt

0

@p1ðx; sÞ
@x

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0
Sth

ðt$sÞ
ds (36)

Inverting the transform, we get

u0ðx; y; tÞ ¼ $
B

Sthp1=l
0

X

m

NmKmðyÞ
ðt

0

@p1ðx; sÞ
@x

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0
Sth

ðt$sÞ
ds

(37)

where bm satisfies the characteristic equation in Eq. (33) and the
kernel is given by Eq. (32).

Upon integrating in y, we get the volume flow rate

Q0ðx; tÞ ¼ $
2B

Sthp1=l
0

X

m

N2
m

ðt

0

@p1ðx; sÞ
@x

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0 Sth

ðt$sÞ
ds (38)

and integrating x, we get the average volume flow rate between
inlet and outlet,

QðtÞ ¼
ð1

0

Qðx; tÞdx ¼
X

m

QmðtÞ (39)

where

QmðtÞ ¼
2B

p1=l
0 Sthe

N2
m

ðt

0

DpðsÞe
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0
Sth

ðt$sÞ
ds (40)

It can be seen that the average mass flow rate QmðtÞ satisfies

e
Sthp1=l

0

2BN2
m

dQm

dt
þ e

Ab2
m

2
ffiffiffiffiffiffiffiffi
p=2

p
BN2

m

Qm ¼ Dp (41)

which corresponds to the circuit model shown in Fig. 2. The cir-
cuit is made up of an infinite number of parallel branches, with

each branch consisting of an inductance Lm in series with a resist-
ance Rm, where

Lm ¼ e
Sthp1=l

0

2BN2
m

(42)

Rm ¼ e
Ab2

m

2
ffiffiffiffiffiffiffiffi
p=2

p
BN2

m

(43)

Note that the steady solution for a constant Dp, obtained from Eq.
(40) by taking the limit t!1, reduces to the classical Poiseuille
solution

Q
steady ¼ BRehDp

12e
(44)

3.2 The First-Order Pressure Distribution. An equation for
the first-order pressure profile is derived here. Upon combining
the derivative of Eq. (38) with respect to x and the mass equation
of Eq. (22), a partial differential equation (PDE) for the first-order
pressure p1ðx; tÞ is obtained,

@p1

@t
¼ 2B2

St2
h

lðp0Þ1$1=l
X1

m¼0

N2
m

ðt

0

@2p1

@x2
ðx; sÞe

$
Ab2

mffiffiffiffiffiffi
p=2
p

p1=l
0
Sth

ðt$sÞ
ds

(45)

where 0 ! x ! 1. The pressure satisfies the initial condition
p1ðx; t ¼ 0Þ and the inhomogeneous boundary conditions

p1ðx ¼ 0; tÞ ¼ pin
1 ðtÞp1ðx ¼ 1; tÞ ¼ pout

1 ðtÞ (46)

We shall now solve this PDE for the pressure. Using the
transformation

p1ðx; tÞ ¼ P1ðx; tÞ þ pin
1 ðtÞ þ ðp

out
1 ðtÞ $ pin

1 ðtÞÞx (47)

P1 is then governed by

@P1

@t
þ dpin

1

dt
þ x

dðpout
1 $ pin

1 Þ
dt

¼ 2B2

St2
h

lðp0Þ1$1=l

,
X1

m¼0

N2
m

ðt

0

@2P1ðx; sÞ
@x2

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0 Sth

ðt$sÞ
ds (48)

with the initial condition P1ðx; t ¼ 0Þ ¼ p1ðx; 0Þ $ pin
1 ð0Þ

$ðpout
1 ð0Þ $ pin

1 ð0ÞÞx and subject to the homogenous boundary
conditions P1ðx ¼ 0; tÞ ¼ 0P1ðx ¼ 1; tÞ ¼ 0. Equation (48) is
solved with the aid of spatial transforms. Let us define the spatial
transform in the flow direction x along with the inverse transform,
respectively, as

Fig. 2 Circuit model
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P̂1ðkn; tÞ ¼
ð1

0

~Kðkn; x
0ÞP1ðx0; tÞdx0 (49)

P1ðx; tÞ ¼
X1

n¼0

~Kðkn; xÞP̂1ðkn; tÞ (50)

where the kernel solves the eigenvalue problem

d2/
dx2
þ k2/ðxÞ ¼ 0 in 0 ! x ! 1 (51)

subject to the boundary condition /ð0Þ ¼ 0 and /ð1Þ ¼ 0. The
solution of Eq. (51) is

~Kðkn;xÞ ¼
ffiffiffi
2
p

sinknx and sinkn ¼ 0) kn ¼ np; n¼ 1;2; & & &
(52)

After applying this transform on the PDE for P1; an ordinary dif-
ferential equation (ODE) for P̂1 is obtained

dP̂1

dt
ðkn; tÞ þ

dpin
1

dt
M0

n þ
dðpout

1 $ pin
1 Þ

dt
M1

n

¼ $k2
n

2B2

St2
h

lðp0Þ1$1=l
X1

m¼0

N2
m

ðt

0

P̂1ðkn; sÞe
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0
Sth

ðt$sÞ
ds

(53)

with the initial condition P̂1ðkn; t ¼ 0Þ ¼ p̂1ðkn; 0Þ $ pin
1 ð0ÞM0

n
$ðpout

1 ð0Þ $ pin
1 ð0ÞÞM1

n . The moments of the Kernel are

M0
n ¼

ð1

0

~Kðkn; xÞdx ¼
ffiffiffi
2
p

np
ð1$ ð$1ÞnÞ and

M1
n ¼

ð1

0

x ~Kðkn; xÞdx ¼
ffiffiffi
2
p ð$1Þnþ1

np
; n ¼ 1; 2; & & & (54)

With this in hand, we can solve the ODE for P̂1, then invert the
transform using Eq. (50), and then obtain p1ðx; tÞ using Eq. (47).
Once we have the first-order pressure profile, we can get the
zeroth-order velocity and mass flow rate.

3.3 The Reduced-Order Model for the Second-Order
System. We are now ready to solve the higher-order system
Eqs. (25) and (26). We shall use a very similar methodology to
Sec. 3.2, so we will be concise in the exposition.

This system obviously depends on the solution of the first order
system in Secs. 3.1–3.2. Before proceeding, let us define the fol-
lowing known quantities that depend on the previous solutions
u0; p1, and p0:

(1) Wðx; tÞ ¼ B

lp0

@ðp1Q0Þ
@x

(2) gðx; tÞ ¼ $2$ rv

rv
A
@u0

@y
ðx; y ¼ 1=2; tÞ

(3) Fðx; y; tÞ ¼ $p1=l
0

lp0
Sthp1

@u0

@t
$ p1=l

0 Bu0
@u0

@x
$ Sth

@g

@t

Also, define the transformation

~u1ðx; y; tÞ ¼ u1ðx; y; tÞ $ gðx; tÞ (55)

that yields the PDE

p1=l
0 Sth

@~u1

@t
¼ Affiffiffiffiffiffiffiffi

p=2
p @2 ~u1

@y2
$ B

@p2

@x
þ Fðx; y; tÞ (56)

with homogeneous boundary conditions

@~u1

@y
ðx; y ¼ 0; tÞ ¼ 0; ~u1ðx; y ¼ 1=2; tÞ ¼ 0 (57)

We view this equation as a diffusion equation for the first-order
velocity u1 with a forcing term that is driven by two components:
the first is Fðx; y; tÞ, the term accounting for the previous system,
and the second is the second-order pressure field.

Using the same technique as in Sec. 3.2, we solve for the first-
order pressure field and obtain

u1ðx; y; tÞ ¼
1

Sthp1=l
0

X

m

KmðyÞ
ðt

0

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

ðp0Þ1=lSth

ðt$sÞ

, $BNm
@p2ðx; sÞ
@x

þ F̂mðx; sÞ
% &

dsþ gðx; tÞ (58)

where bm satisfies the characteristic equation in Eq. (33) and the
kernel is given by Eq. (32).

As for the mass flow rate, it is given by

Q1ðx; tÞ ¼
2

Sthp1=l
0

X

m

Nm

ðt

0

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0
Sth

ðt$sÞ

, $BNm
@p2ðx; sÞ
@x

þ F̂mðx; sÞ
% &

dsþ gðx; tÞ (59)

In a similar way to the methodology used for solving the first sys-
tem, we obtain a PDE for the second-order pressure profile

@p2

@t
ðx; tÞ ¼ 2lB2ðp0Þ1$1=l

St2
h

,
X

m

N2
m

ðt

0

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0
Sth

ðt$sÞ @2p2ðx; sÞ
@x2

dsþ Sðx; tÞ

(60)

where the source term Sðx; tÞ is given by

Sðx; tÞ ¼ gðx; tÞ $ lp0

Sth
Wðx; tÞ $ lp0B

Sth

@g

@x
ðx; tÞ

$ 2lBðp0Þ1$1=l

St2
h

X

m

Nm ,
ðt

0

e
$

Ab2
mffiffiffiffiffiffi

p=2
p

p1=l
0 Sth

ðt$sÞ
F̂mðx; sÞds

(61)

It should be noted that the hat in the above equation refers to the
transform in the transversal direction y, defined in Sec. 3.1.

4 Model Validation and Discussion

The model shown in Fig. 2 enables system-level analysis of
channel flow using the conventional techniques employed in cir-
cuit analysis. Direct current (DC) analysis is steady-state analysis
in which the transient term is set to zero and all the inductors in
Fig. 2 are short circuited. Transient analysis can also be performed
by integrating the ODEs in time using circuit simulation tools,
such as SPICE.

Accuracy and performance of our model presented in Sec. 3.3
are addressed in terms of steady and transient isothermal flow of
air in the channel depicted in Fig. 3 for different operating condi-
tions. The channel length and height are, respectively, 2000 lm
and 20 lm. The channel is preceded by an entry section in order
for the flow to reach fully developed conditions at the inlet to the
main section. The boundary condition at the inlet of the entry sec-
tion is prescribed in terms of time-varying inlet mass flux (qiVi),
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assumed to be spatially uniform. At the outlet of the main section,
atmospheric pressure is prescribed.

In the first set of simulations, qiVi ¼ ðqiViÞmaxð1$ expð$t=sÞÞ,
where s ¼ L=Vi;max. The values of Reynolds number correspond-
ing to Vi;max are, respectively, 13:45; 29:3; 68:3; and 117. For each
case, the pressure history at the inlet of the main section (piðtÞ),
shown in Fig. 4, is recorded from the CFD (FLUENT) transient sim-
ulation. piðtÞ is then used as input to the model in order to com-
pute the corresponding time-varying mean volume flow rate. The
volume flow rate computed from the reduced-order model is in
good agreement with that obtained from CFD (FLUENT), as shown
in Fig. 5.

In the second set, the mass flux at the entry section inlet is
given a prescribed harmonic time variation according to
qiVi ¼ ðqiViÞmax sinð2pftÞ, where the frequency is chosen according

to f$1 ¼ L=Vi;max so that St ¼ 1. For this set of simulations,
another section is added to the outlet of the main section with
length of 2L=5, as depicted in Fig. 6. Three cases are consid-
ered (i) Ma ¼ 0:013;Re ¼ 6:1; (ii) Ma ¼ 0:054;Re ¼ 24:5; and
(iii) Ma ¼ 0:162;Re ¼ 73:5. For all three cases, Kn ¼ 0:0032,
which implies that the no-slip condition at solid boundary holds.
For each case, the pressure history at the inlet and outlets of
the main section (piðtÞ and poðtÞ), shown in Fig. 7 for case (iii),
is recorded from the CFD (FLUENT) transient simulation. piðtÞ
and poðtÞ are then used as input to our model in order to com-
pute the corresponding time-varying flow rate along the chan-
nel. The inlet, outlet, and average volume flow rates predicted
by the model for these pressure profiles are compared with
those obtained from FLUENT, such as those presented in Fig. 8
for case (iii).

Fig. 4 Pressure at inlet to main section for set 1

Fig. 5 Average volume flow rate predicted by the model (- - - -)
compared with FLUENT (—–)

Fig. 6 Schematic for second set of simulations
Fig. 3 Schematic for first set of simulations

Fig. 7 Pressure at inlet (—–) and outlet (- - -) of main section
versus time (CFD)

Fig. 8 Volume flow rate at inlet (—–) and outlet (- - -) of main
section versus time (CFD)
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Time evolution of the mean volume flow rate is plotted in Fig.
9, where the numerical (CFD) solution is compared to that pre-
dicted by the proposed model for the three cases (i)
Ma ¼ 0:013;Re ¼ 6:1; (ii) Ma ¼ 0:054;Re ¼ 24:5; and (iii)
Ma ¼ 0:162;Re ¼ 73:5. It can be observed from Fig. 9 that the
model yields more accurate results at smaller values of Mach and
Reynolds number, as inferred by the agreement with the CFD so-
lution. This is expected because the model is developed for low-
Mach-number flows. It should be noted that the simulation time
using the model is a very small fraction of that of the CFD simula-
tion tool. For example, the ratio of the model simulation time to
the CFD simulation time for the case Ma ¼ 0:054;Re ¼ 24:5 is
1/280.

Time evolution of the volume flow rate at channel inlet and out-
let predicted by the model is compared to those obtained from
CFD simulations in Figs. 10, 11, and 12 for cases (i), (ii), and (iii),
respectively. It can be observed that the inlet and outlet volume
flow rate are close to each other for small values of Ma and move
farther apart for larger values of Ma. This is expected since, at
lower Mach number values, the flow is closer to the incompressible

limit and is unable to store additional mass inside the channel
by compressing the gas. Incompressibility causes inlet and outlet
volume flow rate to be close to each other in terms of magnitude
and phase, as shown in Fig. 10 for case (i), where Ma ¼ 0:013.
For larger values of Mach number, compressibility endows the
flow with the ability to store mass inside the channel, rendering
inlet and outlet volume flow rates different from each other both
in terms of magnitude and phase, as shown in Fig. 12 for case
(iii), where Ma ¼ 0:162. It can be observed that the model cap-
tures these variations in magnitude as well as phase for both inlet
and outlet volume flow rates. The relative errors, measured as the
L2 norm of the difference between inlet, outlet, and average

Fig. 9 Comparison of time evolution of mean volume-flow rate
between model (- -o- -) and CFD (—–) for different values of
Mach number

Fig. 10 Comparison of time evolution of inlet and outlet
volume-flow rates between model (- -o- -) and CFD (—–) for
case (i)

Fig. 11 Comparison of time evolution of inlet and outlet
volume-flow rates between model (- -o- -) and CFD (—–) for case
(ii)

Fig. 12 Comparison of time evolution of inlet and outlet
volume-flow rates between model (- -o- -) and CFD (—–) for case
(iii)

Table 1 % Relative error between model and CFD

e ¼ ffiffiffi
c
p

Ma Q Qin Qout

case (i) 0.0158 1:7% 2:7% 2:56%
case (ii) 0.0635 8% 11:5% 12:6%
case (iii) 0.2 32% 19% 37%
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volume flow rate predicted by the model and those obtained from
CFD simulations, over the entire time period, are presented in Ta-
ble 1 for cases (i), (ii), and (iii).

In the last set of cases, we present the impact of slip on the vol-
ume flow rates at inlet and outlet of channel. In this set of simula-
tions, the channel aspect ratio was fixed at h=L ¼ 0:01. The inlet
pressure is increased from 100 kPa to 130 kPa according to
pinðtÞ ¼ 100þ 30ð1$ e$t=sÞ, where s ¼ h=U, U being the aver-
age velocity at steady state and no-slip conditions at boundary.
The outlet pressure is kept at 100 kPa. The channel width h is var-
ied from 2lm to 30lm so that Kn covers the range
½0:002$ 0:032.. Time response of the inlet and outlet volume
flow rates (normalized by the steady outlet volume flow rate at
no-slip condition) to the applied pressure is presented in Fig. 13
for the case where Kn ¼ 0:00216. This is essentially a no-slip
case, which explains why both flow rates settle to the steady no-
slip value. The wavy behavior is attributed to the relatively high
inertia Re ¼ 83 and to the effect of compressibility (Ma ¼ 0:12),
which is also responsible for the phase shift between the inlet and
outlet volume flow rate. Figure 14 presents a case where
Kn ¼ 0:013, Re ¼ 2:3, and Ma ¼ 0:02. The effect of slip condi-
tion at the solid boundary is apparent as the volume flow rates set-
tle at values higher than the steady no-slip case. In this case, the
ratios of the volume flow rate to the no-slip volume flow rate is
1.067, which is in good agreement with the inertia-free first-order
slip solution [7] Q=Qns ¼ 1þ 12ð2$ rv=rvÞðKno=pin=pout þ 1Þ.
In this case, rv ¼ 1 and pin=pout ¼ 1:3 at steady state.

5 Conclusion

Reduced-order models for unsteady low-Mach-number poly-
topic flow of an ideal gas in a two-dimensional parallel channel
are presented for no-slip as well as first-order slip-boundary con-
ditions. To first order (in Mach number), the model that satisfies
the no-slip condition at solid boundaries can be represented as an
analog electric circuit consisting of a set of parallel branches, each
consisting of a resistance and an inductor in series. The resistors
model viscous dissipation and the inductors correspond to inertia
due to the time-varying term. The model can also include higher-
order effects, which account for first-order slip condition at solid
boundaries. The accuracy and validity of the proposed model are
investigated in terms of the dynamic response of the volume flow
rate for sinusoidal as well as step-function pressure history. The
proposed model offers a tradeoff between speed and accuracy,
which is possible by controlling the number of parallel branches
included in the model.
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Nomenclature

A ¼ channel cross-sectional area
f ¼ characteristic forcing frequency
h ¼ height of rectangular channel cross section

Kn ¼ Knudsen number
L ¼ channel length

Ma ¼ Mach number
p ¼ pressure
Q ¼ volume flow rate
R ¼ ideal gas constant

Reh ¼ Reynolds number based on channel’s height
Sth ¼ Strouhal number based on channel’s height

t ¼ time
u ¼ velocity component in flow direction
~u ¼ velocity vector
x ¼ coordinate in flow direction
y ¼ coordinate along channel height
a ¼ channel aspect ratio (h/L)
c ¼ ratio of constant pressure to constant volume-specific heat
k ¼ mean free path
l ¼ dynamic viscosity
q ¼ density

rv ¼ accommodation coefficient
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