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Modeling Squeeze Films
in the Vicinity of High Inertia
Oscillating Microstructures
This work investigates the effect of various assumptions proposed by the classical Reyn-
olds lubrication equation. In particular, a microplate oscillating at high frequencies
(beyond cutoff) and high velocities leading to appreciable displacement within the film
gap is studied. An analytical model is derived with special emphasis on the fluid’s inertia
effect on the fluid/solid interface. By implementing the direct simulation Monte Carlo
(DSMC) method, a numerical method for modeling rarefied gas flow, the analytically
based model is adjusted for the force exerted by the gas on the oscillating micro-
structure to capture various significant effects related to the fluid’s inertia, compressibil-
ity, stiffness, and damping. [DOI: 10.1115/1.4026588]

1 Introduction

With the development of microelectromechanical system
(MEMS) technology, many different techniques have been used
to study and design microsystems for various applications, includ-
ing microresonators and vibrating structures such as radio fre-
quency (RF) MEMS. To better understand the behavior of RF
MEMS, many models have been suggested in the literature to
describe the physical behavior of the gas (usually air) film
between the vibrating plate or beam and the fixed substrate under-
neath. With the emerging micro- technology in the early 90s,
many researchers have reflected back on the Reynolds lubrication
equation [1], due to the interest in fluid film behavior in bearings.
Andrews et al. [2] and Zook et al. [3] conducted experiments to
study the accuracy of the model in Ref. [1] at different frequency
ranges and plate-structure spacings and to measure the quality fac-
tor of a vibrating double-clamped beam microsensor. Extensive
analytical and experimental work has been done to propose differ-
ent models for air damping coefficients [4] with different bound-
ary conditions [5,6], operating ambient pressure [7,8], microplate
motion [9,10],, operating frequency range [11,12], and microplate
geometries [13]. Li et al. [14] and Nayfeh et al. [15] included the
effects of the electrostatic driving force (actuation voltage) on the
deflection of the oscillating microbeams of different shapes
(fixed-fixed and fixed-free). Sumali [16] and Mol et al. [17] con-
ducted experiments based on the frequency and time domain anal-
yses, respectively, to model the gas squeeze film damping
behavior. Zhang and Fang [18] analyzed the capacitance of an
electrostatically actuated RF MEMS capacitor. The authors’ main
contribution was in dividing the gap between the substrate and
moving plate into two different regions: the parallel (nonbended)
part of the plate and the deflected part, which presents a better
model due to the existence of a nonlinear electrostatic actuation
force in these devices. Niessner et al. [19] discretized the nonlin-
ear compressible Reynolds equation and modeled the gas damping
coefficients as different resistors at the plate boundaries, plate
holes, and air film in between the moving and fixed plates. Sumali
et al. [20] studied the air drag force (free space damping) on a
vibrating microcantilever beam that is away from any fixed sub-
strate. They conducted experiments to compare the gas damping
coefficients with the models of the literature (see, for example,
Refs. [4,5,8]) and verified that Ref. [8] was the most accurate in

the free molecular and viscous regimes. Hosaka et al. [21] mod-
eled the behavior of microcantilever beams by including the
squeeze film damping effects for the beam side facing the fixed
substrate, free space damping effects on the beam face not facing
the fixed substrate, internal structural damping, and the support
loss at the microbeam’s base. They concluded that the squeeze
and free space damping dominates the structural and support loss
damping effects for small cantilever beams. As the beam’s length
increases, the structural and support loss damping effects are
unchanged while the squeeze damping decreases at a higher rate
than the free space damping. It is worth noting that the free
space force was modeled based on a series of assumptions from
Kokubun’s bead model [22]. Veijola [23] extended the Reynolds
squeezed film damping equation model by introducing the gas rar-
efaction effects and inertia effects and used reduced order model-
ing (circuit analysis) to solve the resulting improved equations.
Gallis and Torczynski [24] modified the Reynolds equation model
for squeezed film damping by correcting for the pressure bound-
ary conditions at the beam tips compared to the previously used
trivial ambient pressure conditions. They used the Navier–Stokes
slip-jump and the DSMC methods to determine the new pressure
boundary condition coefficients. Lee et al. [25] extended the work
of Refs. [23,24] by accounting for the higher order bending modes
in deriving a new squeezed film damping ratio model. Such an
extension provided an improved model that gave better results as
compared to the experimental data carried out by the authors
themselves since it accounts for the bending of the beam struc-
ture. A main restriction in their work is that the cantilever beam
deflection was restricted to two orders of magnitude smaller than
the film gap height to ensure the validity of the linear damping
model. Guo and Alexeenko [26] used the ellipsoidal statistical
Bhatnagar–Gross–Krook model of the equilibrium distribution
function in the quasi-steady Boltzmann kinetic model to derive
expressions for the gas film damping coefficient and the quality
factor. Their results showed the importance of the vibrating
beam’s structural damping as compared to the fluid damping
in the vicinity of a high Kn number (free molecular regime).
However, their work was simplified by assuming a small vibra-
tion amplitude as compared to the film gap width and the cantile-
ver beam length to be much larger than its width, transforming
their problem into a two-dimensional flow along the beam’s
width.

2 Problem Statement

The scope of this work is to use analytical methods to help
model the behavior of the gas film between a vibrating microplate
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and a fixed substrate underneath it (see Fig. 1). The microplate is
allowed to move at any desired velocity amplitude and frequency
such that the distance covered by the vibrating beam throughout
the film gap is unlimited, where the fluid’s inertia imposes a sig-
nificant impact on the force exerted by the fluid on the vibrating
structure. Under these conditions, the classical Reynolds lubrica-
tion equation with negligible inertia effects becomes highly unre-
alistic and, hence, the need for a new model that accounts for
these inertia effects emerges. In what follows, a brief review on
the Reynolds lubrication equation is presented, after which a new
proposed model based on the analytical derivation is proposed.

3 Motivation

The DSMC simulation method summarized in the flow chart of
Fig. 2 is used to compute the force of the rarefied gas on a micro-
plate oscillating at a frequency of 1 GHz for two representative
cases in Table 1, which lists a more comprehensive set of simula-
tions. The width of the oscillating microplate (b) is 2 lm, the film
gap thickness (h0) is 1 lm, and the length of the micro-plate is
L! b, resulting in a 2D problem. Readers interested in the
details of applying the DSMC method to an oscillating micro-
structure with large displacements are referred to the authors’ pre-
vious work in Refs. [27,28]. In the first case, the microplate is
oscillating with a velocity amplitude (Va) of 20 m=s where the
inertia effects are expected to be negligible (Re ¼ 1.89), while in
the second case, it oscillates with a very high velocity of 400 m=s
(Ma ¼ 1.17) where the inertia effects (Re ¼ 37.77) are expected
to have a significant impact on the gas flow behavior. More impor-
tantly, Ma ¼ 1.17 causes a wave propagation phenomenon where
the microplate behaves more like a shock tube than a squeeze
film. The significant effect of the gas flow inertia on the force
exerted on the microplate is shown in Fig. 3, which presents
the normalized force on the plate (with respect to atmospheric
pressure) at different times (normalized with respect to oscillating
period) within an oscillation cycle. It is clearly indicated that at
the end of the first half-period (s ¼ 0:5) when the microplate is
displaced at the maximum distance from the equilibrium position
and stopped, the force on the microplate’s bottom face is signifi-
cantly below the atmospheric pressure for the high Re case (the
supersonic state), which violates the Reynolds lubrication equa-
tion. Such behavior is not encountered with the small Re case
where the inertia effects are negligible. This relatively “low” pres-
sure region is due to the fact that when the oscillating microplate
reaches the bottom dead position (maximum displacement with
zero velocity), the squeezed gas underneath tends to keep propa-
gating towards the fixed substrate due to the high inertia carried
by this gas flow. To better clarify this behavior, Fig. 4 shows con-
tour plots for the gauge pressure in the vicinity of the oscillating
microplate over one period. As the microplate moves towards the
fixed substrate (during the first half-period where 0:1 # s # 0:5),
the pressure in the film gap region increases, while in the second
half-period (0:6 # s # 1), as the microplate oscillates away from
the fixed substrate, the pressure in the film gap region decreases.
An opposite behavior is depicted on the other side of the oscillat-
ing microplate (facing the open atmosphere), as expected. The

propagation of the flow is clearly shown at s ¼ 0:5 when the
microplate stops to invert its oscillating direction where a low
pressure region just in front of the microplate is created due to the
high flow inertia. Moreover, by looking at the pressure contours
over the whole period, it is clear that the pressure at the micro-
plate’s peripheries deviates from the atmospheric pressure, as
assumed by the Reynolds lubrication equation. Therefore, such
phenomena stimulates the need to present a model that can better
predict squeezed film damping forces where the inertia effects
have a significant impact on the gas flow behavior in the vicinity
of oscillating microstructures.

4 Reynolds Lubrication Equation Model

Previous work in the literature modeled the squeezed fluid film
damping force based on a perturbation analysis of the Reynolds
equation as derived in Refs. [1,29]. The Reynolds equation is
based on the more general Navier–Stokes equation combined with
the continuity equation and under the following assumptions:

(1) Newtonian fluid
(2) thin film as compared to the geometry of the squeezing

structure (h0 $ b)
(3) negligible inertial effects (Re$ 1)
(4) negligible body forces

Based on the preceding assumptions, the Reynolds equation
governing the fluid film behavior between two parallel plates (one
fixed and the other oscillating in a rigid-nonrotating mode) is
given as follows
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where hðtÞ ¼ h0 þ d sinðxtÞ. In dimensionless form, Eq. (1) is
expressed as

Fig. 1 Schematic of the oscillating microplate

Fig. 2 Flow-chart of the DSMC algorithm
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where rL ¼ 12lL2x=h2
0P0 and rb ¼ 12lb2x=h2

0P0.
Defining the dimensionless oscillation amplitude e ) ðd=h0Þ

$ 1 and applying the perturbation analysis where

PH ¼ 1þ d PHð Þ; d PHð Þ ¼ e sinðxtÞ þ dP (3)

Eq. (2) is reduced to

@

@ xtð Þ
' 1

rL

@2

@f2
þ 1

rb

@2

@g2

! "! "
dPþ e cosðxtÞ ¼ 0 (4)

Assuming a 2D flow (b$ L) and normalizing the perturbed pres-
sure (p̂ ¼ dP=P0)

@p̂

@t
¼ h2

0P0

12lb2

@2p̂

@f2
'

_hðtÞ
h0

(5)

By further assuming that the oscillation amplitude of the moving
plate is much smaller than the gap height (d$ h0 and, therefore,
St! 1) and the trivial boundary conditions at the plate’s borders
(pressure is atmospheric), the perturbation analysis is performed
on the pressure change within the film gap and the force exerted
by the squeezed film on the moving plate is given (in the Laplace
domain) as follows [30]

FðsÞ ¼ 96lLb3

p4h3
0

X

nod d

1

n4

1

1þ s

an

0

B@

1

CAszðsÞ (6)

where an ¼ h2
0pan2p2=12lb2, L is the length of the plate, and szðsÞ

is the Laplace transform of the oscillating plate’s velocity. By
assuming that the microplate’s oscillating frequency is much
smaller than the cutoff frequency (f $ xc), it becomes valid to
neglect the higher order terms and use the first term only of the
preceding summation (n ¼ 1). Then the squeezed film force can
be approximated as

FðsÞ ¼ c

1þ s

xc

szðsÞ (7)

where the damping constant is c ¼ 96lLb3=p4h3
0 and the cutoff

frequency is xc ¼ a1 ¼ h2
0pap2=12lb2. By applying some mathe-

matical manipulations we obtain the following expression

FðsÞ
szðsÞ

¼ c

1þ s

xc

cxc

s
cxc

s

¼
c
cxc

s

cþ cxc

s

(8)

The preceding equation shows that the squeezed fluid force can be
modeled as a parallel capacitor (representing the fluid’s compres-
sibility behavior) and resistor (representing the fluid’s dissipative
behavior) of the impedances cxc=s and c, respectively.

When the microplate is oscillating at a frequency f $ xc, the
impedance of the capacitor becomes very large and, therefore,
acts as an open circuit. In that case the fluid behaves like a damper
with the dissipative effect dominating. As the frequency f
increases and approaches xc, the compressibility of the squeezed
gas film starts showing up until the point where it equals the dissi-
pative effect. This is the point where the microplate is oscillating
at the cutoff frequency (f ¼ xc). It is very important to note
that the range of applicability of this model is restricted to fre-
quencies up to the vicinity of the cutoff frequency, as previousl
explained, where only the first term in the summation of Eq. (6)
was included.

5 Flow Governing Equations

In what follows, the governing equations (continuity and
momentum) will be presented in dimensionless forms using the
following scales: q * q0, l * l0, t * ð1=f Þ, x * b, y * h0,
v * Va, u * U, P * ðlVa=h0Þ, where Va is the plate’s maximum
speed.

Table 1 List of dimensionless groups and model coefficients for the simulation case studies

f (MHz) Va (m/s) Ma Re St Error C1 C2 C3 C4 C5 C6 C7 C8 C9

1000 20 0.06 1.89 50 0.07 0 135.3 9.231 0 0 0 0 0 0
1000 90 0.26 8.50 11.11 0.02 0 142.4 7.864 0 0 0 0 0 0
1000 100 0.29 9.44 10 0.03 0 128.4 7.215 0 0 0 0 0 0
1000 200 0.58 18.89 5 0.06 0 112.3 5.074 0 0 0 0 0 0
1000 400 1.17 37.77 2.5 0.03 45.08 79.40 1.49 0 0 0 10.60 0 0
1000 600 1.75 56.66 1.67 0.05 90.80 66.73 '0.98 0 0 45.69 22.85 0 0
1000 800 2.33 75.54 1.25 0.09 124.01 59.77 '3.16 0 0 84.42 27.11 0 0
100 90 0.26 8.50 1.11 0.07 0 93.05 49.11 '8.87 0 0 0 '53 '13.9
500 90 0.26 8.50 5.56 0.04 0 123.3 11.99 0 0 0 0 0 0
1000 90 0.26 8.50 11.11 0.02 0 142.4 7.864 0 0 0 0 0 0
50 78.54 0.23 7.42 0.64 0.07 0 99.84 31.15 2.04 103.2 0 0 '19.1 0.26
90 141.37 0.41 13.35 0.64 0.06 0 87.99 40.96 '0.8 23.07 0 0 '40.2 '7.8
100 157.08 0.46 14.83 0.64 0.03 0 90.06 43.78 '9.05 '10.5 0 2.515 '39.9 '13.2
111.11 174.53 0.51 16.48 0.64 0.06 0 91.03 51.37 '13.6 '42.4 0 8.818 '41.1 '15.1
125 196.35 0.57 18.54 0.64 0.05 0 88.79 50.41 '9.85 '75.4 0 19.43 '34.4 '10.6
150 235.62 0.69 22.25 0.64 0.01 0 72.09 39.4 '6.6 '48.1 0 10.26 '20.5 '4.48

Fig. 3 Average forces on the microplate as simulated by the
DSMC over one period
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The average horizontal flow velocity U can be found by apply-
ing the conservation of mass for the control volume in Fig. 5

d

dt
ðqhðtÞdxÞ þ q

@U

@x
hðtÞdx ¼ 0) Uðx; tÞ

¼ '
ðx

0

1

hðtÞ
dhðtÞ

dt
dx0 ) Uðx; tÞ

¼ ' x

hðtÞ
dhðtÞ

dt
¼ ' bVa

h0
U+ðx; tÞ (9)

where

Uðx; tÞ ¼

ðhðtÞ

0

uðx; y; tÞdy

hðtÞ
(10)

and, consequently, u * ðbVa=h0Þ. Therefore, the first governing
equation introduced is the dimensionless incompressible continu-
ity equation given by

@u

@x
þ @v

@y
¼ 0) vðx; y; tÞ ¼ y

hðtÞ
dhðtÞ

dt
(11)

Applying the conservation of the x'momentum and multiply-
ing both sides with h3

0=bVa, we obtain the second governing
equation

Fig. 4 Pressure profiles of the gauge pressure variation over one period in the vicinity of the
microplate oscillating at 400 m/s and 1 GHz

Fig. 5 Control volume 1
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qRe St
@u

@t
þ u

@u

@x
þ v

@u

@y

! "
¼' h0

b

! "2@P

@x
þl

h0

b

! "2@2u

@x2
þ@

2u

@y2

 !

(12)

where Re ¼ q0Vah0=l0 and St ¼ fh0=Va.
By applying the conservation of the y'momentum and multi-

plying both sides with h2
0=Va, we obtain the third governing

equation

qRe St
@v

@t
þ u

@v

@x
þ v

@v

@y

! "
¼ @P

@y
þ l

h0

b

! "2@2v

@x2
þ @

2v

@y2

 !

6 Incompressible Flow Analysis

The main goal of this work is to augment the previous model
by stressing the inertia effects and, therefore, we extend the
Reynolds lubrication model by including the inertia of the flow as
follows.

By assuming the inertial forces to be dominant over the viscous
forces (Re! 1), Eq. (12) becomes

qRe St
@u

@t
þ u

@u

@x
þ v

@u

@y

! "
¼ ' h0

b

! "2@P

@x
(13)

Next we apply the conservation of the x'momentum for the con-
trol volume of Fig. 6

qReSt

ð1=2

x

@u

@t
hðtÞdxþ qRe

ð1=2

x
u
@u

@x
hðtÞdx

¼ ' h0

b

! "2ð1=2

x

@P

@x
hðtÞdx (14)

By approximating U according to Eq. (9) and implementing the
ambient atmospheric pressure conditions at the peripheries of the
gap, we obtain

pðx; tÞ ' pa ¼
'q
2

b

h0

! "2

ReSt
1

2

! "2

'x2

 !
1

hðtÞ
d2hðtÞ

dt2

! "

þ q
b

h0

! "2

Re
1

2

! "2

'x2

 !
1

hðtÞ
dhðtÞ

dt

! "2

(15)

Assuming that the mean pressure pðx; tÞ at any distance x inside
the gap is the average of the pressures at the fixed substrate
(pðx; 0; tÞ) and moving plate (pðx; hðtÞ; tÞ), then Eq. (15) becomes

pðx; 0; tÞ þ pðx; hðtÞ; tÞ

¼ 'q
b

h0

! "2

ReSt
1

2

! "2

'x2

 !
1

hðtÞ
d2hðtÞ

dt2

! "

þ 2q
b

h0

! "2

Re
1

2

! "2

'x2

 !
1

hðtÞ
dhðtÞ

dt

! "2

þ2pa (16)

Similarly, the inviscid dimensionless governing y'momentum
(see Eq. (13)) becomes

qRe St
@v

@t
þ u

@v

@x
þ v

@v

@y

! "
¼ @P

@y
(17)

The conservation of the y'momentum for the control volume of
Fig. 5 is

pðx; 0; tÞ ' pðx; hðtÞ; tÞð Þdx

¼ ReSt
@

@t

ðhðtÞ

0

qvdxdyþ Re

ðhðtÞ

0

quðxþ dx; tÞvðxþ dx; y; tÞdy

' Re

ðhðtÞ

0

quðx; tÞvðx; y; tÞdy (18)

By substituting the values of U and v from Eqs. (9) and (11) in
Eq. (18) and then subtracting the resulting equation from Eq. (16),
we obtain

pðx; hðtÞ; tÞ ¼ 'q
b

h0

! "2

ReSt
1

4
' x2

! "
1

hðtÞ
d2hðtÞ

dt2

! "

þ q
b

h0

! "2

Re
1

4
' x2

! "
1

hðtÞ
dhðtÞ

dt

! "2

' qRe

4

St

2

d2hðtÞ
dt2

' dhðtÞ
dt

! "2
 !

þ 12l
b

h0

! "2 1

2

! "2

'x2

 !
1

hðtÞ3
dhðtÞ

dt

 !
þ pa

(19)

The average pressure at the plate’s front face is given by

pf ¼ pðhðtÞ; tÞ ¼

ð1=2

0

pðx; hðtÞ; tÞdx

1=2

¼ 'q
12

b

h0

! "2

ReSt
1

hðtÞ
d2hðtÞ

dt2

! "
þ q

12

b

h0

! "2

Re
1

hðtÞ
dhðtÞ

dt

! "2

' qReSt

8

d2hðtÞ
dt2

! "
þ qRe

4

dhðtÞ
dt

! "2

þ l
b

h0

! "2 1

2

! "2

'x2

 !
1

hðtÞ3
dhðtÞ

dt

 !

þ pa (20)

We now direct our attention to the flow above the plate with the
control volume shown in Fig. 7, with R! b and R! h where
ambient atmospheric pressure conditions are applied.

Applying the y'momentum at x ¼ 0 for an incompressible
inviscid flow

qReSt
@v

@t
þ qRe v

@v

@y
¼ ' @p

@y
(21)

Fig. 6 Control volume 2 Fig. 7 Control volume 3
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and integrating

qReSt

ð1

hðtÞ

@v

@t
dyþ qRe

ð1

hðtÞ
v
@v

@y
dy ¼ pb ' pa (22)

then by using the Leibniz rule to expand the first term in the
preceding equation and using the values of vð1Þ ¼ 0 and
vðhðtÞÞ ¼ dhðtÞ=dt we obtain

pb ¼ qReSt
d

dt

ð1

hðtÞ
vdy

 !
þ qRe

2

dhðtÞ
dt

! "2

þpa (23)

An approximation is used where
Ð1

hðtÞvdy , dhðtÞ=dt, then the
pressure at the plate’s back face is

pb ¼ pa þ
qRe

2

dhðtÞ
dt

! "2

þqReSt
d2hðtÞ

dt2
(24)

The net force acting on the oscillating microplate is

Fnet ¼
ð1=2

'1=2

pf ' pb

% &
dx

¼ q
12

b

h0

! "2

ReSt
1

hðtÞ
d2hðtÞ

dt2

! "
' q

6

b

h0

! "2

Re
1

hðtÞ
dhðtÞ

dt

! "2

' 9q
8

ReSt
d2hðtÞ

dt2

! "
' qRe

4

dhðtÞ
dt

! "2

(25)

If zðtÞ is the displacement of the microplate measured from its ini-
tial position (h0), then the net force acting on the microplate is

Fnet ¼ '
q
12

b

h0

! "2

ReSt
1

1' zðtÞ
d2zðtÞ

dt2

! "

þ q
6

b

h0

! "2

Re
1

1' zðtÞ
dzðtÞ

dt

! "2

þ 9q
8

ReSt
d2zðtÞ

dt2

! "

' qRe

4

dzðtÞ
dt

! "2

(26)

7 Fluid Force Model

In this section, the net fluid force exerted on the microplate of
Fig. 1 is modeled for the simulation cases presented in Table 1,
where one or more of the assumptions stated in deriving Eq. (8)
are violated. The microplate is allowed to oscillate at frequencies
beyond the cutoff frequency, with high speed amplitudes (inertia
effects are highly significant), and moves an appreciable distance
along the gap height (violating St! 1). This force combines the
dissipative (damping), stiffness (spring), fluid’s inertia, and com-
pressibility effects of the squeezed gas film. The numerical results
obtained from the DSMC simulations are used to extend the range
of applicability of the model (26) to include the inertia, damping,
and compressibility effects. Therefore, a new force model with a
series of higher order terms is proposed in order to minimize the
error between the analytical and numerical squeezed film force as
follows

Fnet ¼ C1zðtÞ þ C2
dzðtÞ

dt
þ C3

d2zðtÞ
dt2
' C4

dzðtÞ
dt

! "2

þC5zðtÞ dzðtÞ
dt

þ C6zðtÞ d
2zðtÞ
dt2
þ C7

dzðtÞ
dt

! "3

þC8
1

1' zðtÞ
d2zðtÞ

dt2

þ C9
1

1' zðtÞ
dzðtÞ

dt

! "2

(27)

Table 1 shows the coefficients of the various terms in the new
model for different simulation case studies in addition to the
L2'norm error between the numerically evaluated force (using
the DSMC) and that of the analytical model suggested in Eq. (27).
These coefficients are a function of the dimensionless groups Kn,
Ma, Re, and St, however, since in the presented simulations the
medium gas is unchanged (constant viscosity and speed of sound)
and the film gap thickness is fixed (Kn is fixed for all simulations),
then Ma and Re become merely dependent (directly proportional)
on the same variable (the oscillating velocity).

Figure 8 plots the dependence of the proposed force model
coefficients on the dimensionless groups Re and St. The first coef-
ficient represents the stiffness of the gas and it shows that the
more the gas is compressed, the more effective the gas compressi-
bility (or stiffness) becomes, modeled as a linear spring; therefore,
this coefficient shows up for high Re and low St simulations with

a stronger dependence on Re (C1 ¼ f ðRe=St1=4Þ). The second
and seventh coefficients reflect the linear and nonlinear damping
components of the gas, respectively, where the linear damping

element (C2) dominates at low Re and high St (C2 ¼ f ðRe1=3=
St1=4Þ). The nonlinear damping element (C7) that is proportional
to the third power of the microplate’s speed gains importance at
very high speeds (high Re) where the microplate displaces an
appreciable distance in the gap (small St); thus, the gas becomes

trapped underneath the microplate (C7 ¼ f ðRe1=4=St1=5Þ).
The third, fourth, sixth, eighth, and ninth coefficients represent

the inertia of the fluid flow where the third and sixth coefficients
(C3 and C6) reflect inertia due to the fluid’s acceleration while the
fourth, eighth, and ninth coefficients (C4, C8, and C9) reflect iner-
tia due to the change of mass of the squeezed fluid film. For the

Fig. 8 Dependence of the model coefficients on the
dimensionless groups Re and St
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third coefficient, when the microplate is oscillating with high
speed (high Re) at a relatively low frequency (small St), the gas in
the vicinity of this structure has enough time to carry the inertia
and, therefore, has a high impact on the microplate’s face force
(C3 ¼ f ð1=ðReStÞ2Þ). Then as the frequency increases, the micro-
plate’s fast inverting motion tends to weaken any inertia effects
for the surrounding gas. However, for high oscillating frequencies
and as the microplate’s speed also increases, some of the squeezed
gas with significantly large flow velocity (supersonic flow,
Ma > 1) will be able to “escape” the inertia “destroying” effect of
the microplate’s fast inverting motion and, hence, causing a
change in the gas inertia that is reflected by the sixth coefficient
(C6 ¼ f ðReÞ). Moreover, when the microplate is oscillating at a
relatively low frequency (100 MHz) along with a high speed, it
gives a substantial part of the squeezed gas (during the first half-
period) underneath the microplate “enough” time to escape to the
surrounding atmosphere. The same phenomenon occurs during
the second half-period, where the surrounding gas enters into the
low pressure region underneath the microplate. This significant
change of mass underneath the microplate is reflected through the
fourth, eighth, and ninth coefficients that represent the inertia
terms that dominate for the simulations with an appreciable dis-
placement of the microplate (small St) and a relatively low oscil-
lating frequency (no gas entrapment) with high speed (high Re),
where an appreciable amount of the squeezed gas beneath the
microplate flows to the outside (during the first half-period) or
vice versa (during the second half-period), leading to a substantial
change in the fluid’s inertia due to the change of mass of the
squeezed fluid film (C4, C8, and C9 are f ðReStÞ). As the frequency
further decreases (50 MHz), the change of pressure beneath the
microplate decreases, thus decreasing the mass flow rate through-
out the film gap thickness region. For this reason, the fourth,
eighth, and ninth coefficients peak at the 111.11 MHz case where
the microplate’s motion, during the first half- period, is fast
enough to compress the fluid underneath and slow enough to
allow time for this compressed gas to flow outside the gap region
(inverse flow direction during the second half- period). The fifth
coefficient reflects the compressibility of the squeezed gas as it
shows up for the cases of low St, where the microplate displaces
an appreciable distance of the film gap (50% in this case).

8 Conclusion

This work presents a combined analytical/numerical technique
to develop a new force model for the squeezed film damping force
in the vicinity of oscillating microstructures. For the analytical
approach, an inviscid and incompressible problem is solved to
stress the effect of the inertia on the fluid damping force and,
therefore, new terms that reflect the contribution of inertia which
are neglected in the classical Reynolds lubrication equation have
been formulated. In addition, the DSMC method has been imple-
mented to numerically correct for the proposed model (i.e., to
include the viscous and compressibility effects) and, therefore, a
more comprehensive damping force model was proposed. The
coefficients of the proposed model were plotted to show their de-
pendence on the set of the dimensionless groups governing the
fluid behavior.
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Nomenclature

b ¼ microplate width
c ¼ damping constant

DSMC ¼ direct simulation Monte Carlo
f ¼ oscillation frequency

Fnet ¼ net force
h0 ¼ initial gap film thickness

hðtÞ ¼ instantaneous gap film thickness
_hðtÞ ¼ instantaneous microplate speed
Kn ¼ Knudsen number

L ¼ microplate length
Ma ¼ Mach number
pa ¼ ambient pressure
pb ¼ microplate’s back face pressure
pf ¼ microplate’s front face pressure
R ¼ radial distance from microplate

Re ¼ Reynolds number
St ¼ Strouhal number

t ¼ microplate thickness
u ¼ horizontal velocity flow field

U ¼ average horizontal velocity flow field
v ¼ vertical velocity flow field

Va ¼ microplate velocity amplitude
zðtÞ ¼ instantaneous microplate displacement

d ¼ oscillation amplitude
l ¼ dynamic viscosity
q ¼ gas density

rL, rb ¼ squeeze numbers
xc ¼ cutoff frequency
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